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PREFACE

This book has been written for textile experts, researchers, students, and PhD students in the 
fi eld who work on the control and optimization of textile processes and the quality of the 
 manufactured products. 

The book presents a review of the methods for experiment design and for deriving and 
 optimization of mathematical models. The individual models are illustrated by numerical  examples, 
which allow for easier comprehension and implementation of the methods in  practice. 

The fi rst part of the book is for those experts who are not familiar with the foundations of 
mathematical statistics. There, in a very accessible form, they will fi nd a review of the main 
notions of mathematical statistics used in textile processes modeling. The review covers the 
main properties of the laws on distribution of random variables, the types of statistical  estimates, 
and the ways to determine them, which are used most often in the textile practice. 

There is a description of the algorithms for examination of various statistical hypotheses, as 
well as their graphic application for control of the technological process—the control charts.

 There is a brief presentation of the correlation analysis and the analysis of variance 
(ANOVA), their signifi cance, and mode of application. 

The “Design of experiments” section gives a description of the particulars of mathematical 
modeling and preparation of experiments. There is a review of the capabilities and the main 
stages of the regression analysis.

The full and fractional factorial experiments for derivation of linear models are clarifi ed 
with examples. There is a description of the simplex method and the Box–Wilson ( experiment 
design) method for defi nition of the extreme area. There is a review of the three most  wide-spread 
designs for derivation of second order mathematical models: the rotational central  composite 
design, the orthogonal central composite design, and the optimal design. 

You will fi nd examples of the ways to present in a graphic manner the area, described by 
the model, and the ways to optimize the model. Explanations have also been provided on how 
to interpret the results of the designed experiment. 

Special attention has been given to the specifi cs of the Taguchi method of experiment 
design.

We have strived to create a book which clarifi es, in an accessible manner, the methods for 
experiment design and for optimization of the derived models. We hope that with the examples 
provided we will be useful to the experts and researchers in their efforts to increase the quality 
in the area of textiles.

Georgi Borisov Damyanov
Diana Germanova-Krasteva
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PART I

INTRODUCTION TO MATHEMATICAL STATISTICS

The production of high quality textiles is based on the excellent knowledge of the properties 
of textile materials. The establishing of these properties is achieved by testing. The test results 
are data, the processing of which is performed according to the relationships of the theory of 
probability and mathematical statistics.

The mathematical foundations of statistics were laid during the seventeenth century with 
the development of probability theory by Blaise Pascal and Pierre de Fermat. The extensive 
use of computers nowadays allows the mass application of statistical calculations on large data 
volumes and has lead to the development of new computational methods.

In Part I, the main concepts and methods of processing and analyzing the results obtained, 
and applying them in the textile processes evaluation will be presented.
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I.1. GENERAL TERMS AND DEFINITIONS

Mathematical statistics views the regularities and methods used for the study of mass pheno-
mena that are characterized by individuals that are homogenous in a qualitative aspect. The com-
bination of a large number of individuals (cases) is hereby referred to as statistical population.

The statistical population can be:

• General, which includes all cases of the studied mass phenomenon, or
• Representational (sample), which includes part of the cases of the general population, 

the characteristics of which can be used to draw conclusions regarding the characteristics 
of the general population.

The volume of the general population (the batch) is usually assigned with N and the sample 
with n.

Mathematical statistics is based on probability theory that uses a series of specifi c terms 
such as test, event, random variable, probability, and so forth.

• A test (observation) is the implementation of a specifi c sum of conditions.
• An event is any fact that has occurred as a result of holding the test.
• Probability of occurrence of a specifi c event is a number that expresses the possibility of 

occurrence of the specifi c event.
• A valid event is an event which always occurs as a result in the test. The probability of 

occurrence of this event is 1 or 100%.
• An impossible event is an event which never occurs as a result in the test. The probability 

of occurrence of this event is 0.
• A random event is an event which could or could not occur as a result of the test. The 

probability of its occurrence ranges between 0 and 1, or between 0 and 100%.
• A practically impossible event is the event for which the probability of occurrence is 

very close to 0, for example 0.1, 0.05, 0.01, 0.001.
• A practically valid event is an event for which the probability of occurrence is very close 

to 1, for example 0.9, 0.95, 0.99, 0.999.
• A signifi cant level is the probability of occurrence for a practically impossible event α.
• The confi dence level is the probability γ = 1 – α for the occurrence of a practically 

valid event. In the textile production sector if no special instructions have been given, 
 operations will be performed at the signifi cant level α = 0.05.

• A random variable is a variable, which as a result of the performance of the test can 
adopt different values which could not be predicted in advance. 
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A random variable can be discrete or continuous. A discrete random variable can adopt 
only separate values isolated from one another, for example, the number of defective articles in 
a single batch, the number of fi bers in a band, the number of stops of the machine. A continuous 
random variable can be adopted by any value in a given fi nite or infi nite interval, for example, 
yarn strength.

A random variables distribution expresses the dependence between the possible values of 
the random variable and their respective probabilities. Random variables distribution can be 
described by means of the distribution function, or the density of probability distribution, or the 
order of distribution.

Distribution function F(x), also referred to as integral distribution function or integral 
 distribution principle, expresses the probability of the random variable Х to remain a smaller 
number than the number х:

 { }( ) .F x P X x= <  (І.1.1)

Figure І.1.1 presents the function of distribution of a continuous variable. The fi gure indi-
cates that in this specifi c case, the probability { }0 0.5.P X x< = =

Figure I.1.1. Function of distribution of a continuous variable.
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In case the variable is discrete, the distribution function F(x) has a terraced form 
(Figure І.1.2). In case of Figure І.1.2, the following probability has been determined: 

{ }4 0.265.P X x< = =
The density of probability distribution f (x), also referred to as density of probabilities, 

differential principle of distribution, or differential distribution function, is determined as a 
derivative of F(x) along x:

 
( )

( ) .
dF x

f x
dx

=  (I.1.2)

Distribution density exists only for continuous variables and is of the type shown in 
 Figure І.1.3.
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The order of distribution consists of the possible values of the discrete random variable and 
the probability for it to have the respective values. The order of distribution can be represented 
as a table or a graphic (Figure І.1.4) and the separate discrete values are not connected.

0
0

0.1

0.2

0.3

0.4
F(x)

1 2 3 4 5
x

6

Figure I.1.2. Function of distribution of a discrete variable.

0.6

0.5
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Figure I.1.3. Probability distribution function.
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Figure I.1.4. Order of distribution.
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PARAMETERS AND NUMERICAL CHARACTERISTICS 
OF THE RANDOM VARIABLE

Very frequently, instead of the distribution rule for characterization of some essential aspects 
of the random variable, separate numerical parameters and characteristics are used. The 
distribution parameters are variables which are directly involved in the distribution function or 
the probability distribution function. Numerical characteristics are characteristics expressing 
certain properties of the random variable distribution rule. The parameters (characteristics) can 
be divided into several groups: those referring to the location, the dispersion, and the moments.

CHARACTERISTICS FOR LOCATION 

1. Quantile хр—the value хр of the random variable Х, for which the probability

 { }pP X x p< = , 0 < p < 1. (I.1.3)

For example, the quantiles х1/4, х1/2, and х3/4 separate the interval of the random variable 
Х to four subintervals with equal possibilities for Х being part of them (Figure І.1.5).

0
–3 –2 –1 0

x1/4 x1/2 x3/4

1
x

2 3

1

0.9
F(x)

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

Figure I.1.5. Quantiles of the distribution function.

2. Mathematical expectation М{X}, μx, mx—the average value of the random variable 
defi ned by the weight aspect according to the probability for its occurrence. For discrete 
random variables it is defi ned as

 { } ( )x x i i

i

M X m x p xm= = = ∑  (I.1.4)

and for continuous variables as

 { } ( ) .x xM X m x f x dxm

∞

−∞

= = = ⋅∫  (I.1.5)

For certain types of distributions a mathematical expectation may not exist.
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3. Median Ме—the point separating the interval of variation of the random variable Х in 
two parts so that the probability of occurring therein would be ½, that is, the median is 
a quantile at р = ½.

4. Mode Мо—the value(s) of the random variable Х, which in case of a continuous  random 
variable is compliant with the local maximum of the probability density, and in case 
of a discrete random variable is compliant with the local maximum of the series of 
 probabilities. Depending on the number of modes, the distributions can be single-mode 
or multimode. It is possible that a mode does not exist for a specifi c type of distribution.

A single continuous distribution is symmetrical if

 ( ) ( )1 ,e eF M x F M x− = − +  (I.1.6)

respectively,

 ( ) ( ) .e ef M x f M x− = +  (I.1.7)

For those distributions, the mathematical expectation matches the median and the mode.

DISPERSION CHARACTERISTICS

1. Variance D{Х}, 2sx—the characteristic of dispersion of the random variable Х around its 
mathematical expectation. For discrete random variables the following formula has been 
determined:

 { } ( )22 ( ),x i x i

i

D X x p xs m= = −∑  (I.1.8)

and for continuous ones it is

 { } ( )22 ( ) .x xD X x f x dxs m

∞

−∞

= = −∫  (I.1.9)

The equivalent formula is frequently used as well:

 { } ( ){ } { } { }( )222 2 .x xD X M X M X M Xs m= = − = −  (I.1.10)

Figure І.1.6 represents the distribution density for three random variables with 
matching mathematical expectations μ = 0 and variances, respectively, (a) 2

1 0.25,s =  
(b) 2

2 1,s =  and (c) 2
3 4.s =

2. Standard deviation xs —characterizes the dispersion of the random variable Х around its 
mathematical expectation and has the same dimension as Х:

 { }x D Xs = . (I.1.11)
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3. Coeffi cient of variation—a relative characteristic for evaluation of dispersion of the 
random variable. Percentage-wise it is determined according to the following formula:

 100.x

x

v
s

m
= ⋅  (I.1.12)

4. Linear deviation d—characterizes the average absolute deviation of the random variable:

 { } { } .xd X M X m= −  (I.1.13)

0
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0
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f (x)

f (x)

Figure I.1.6. Probability distribution functions with different variances.



PART I: GENERAL TERMS AND DEFINITIONS  •  9

5. Range R—the difference between the maximum and the minimum values of X, for which 
f (x) ≠ 0. It is defi ned as

 max min.R X X= −  (I.1.14)

MOMENTS

1. Initial moments ka —the initial moment from rank k is the average numerical 
characteristic:

 { } .k
k M Xa =  (I.1.15)

The initial moment of rank 0 always equals 1:

 { }0
0 1,M Xa = =  (I.1.16)

and the initial fi rst rank moment always equals the mathematical expectation:

 { }1
1 .xM Xa m= =  (I.1.17)

2. Central moments km —the central moment from the k th rank is determined analogically 
to the initial rank and the random variable is centered according to the mathematical 
expectation:

 ( ){ } .
k

k xM Xm m= −  (I.1.18)

The central moment from fi rst rank (k = 1) always equals 0:

 ( ){ }1
1 0xM Xm m= − =  (I.1.19)

and the central moment from second rank (k = 2) always equals the variance:

 ( ){ }2 2
2 .x xM Xm m s= − =  (I.1.20)

The central moments of uneven rank of random variables with symmetric distributions 
equals 0.

3. Asymmetry (skewness) Sk—characterizes the degree of asymmetry of a distribution 
around its mean. It is determined by the relation:

 3
3

.k
x

S
m

s
=  (I.1.21)
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f(x) E > 0

E = 0

E < 0

x

Figure I.1.8. Distribution with positive, 
zero, and negative kurtosis.

4. Kurtosis (declivity) Е—characterizes the relative peakness or fl atness of a distribution in 
comparison with the normal distribution. It is determined according to the following formula:

 4
4

3
x

E
m

s
= − . (I.1.22)

Positive kurtosis indicates a relatively peaked distribution. Negative kurtosis indicates a 
relatively fl at distribution (Figure І.1.8).

Figure I.1.7. Distributions with positive asymmetry, symmetrical 
 distribution, and negative asymmetry.

f (x)

M0 M0 = Me

Me M0

Me
x

(a) (b) (c)

x x

Sk > 0 Sk = 0 Sk < 0
f (x) f (x)

The skewness value is 0 with symmetrical distributions 3( 0),m =  its value being positive 
when the mode is situated before the median and negative when the mode is situated 
after the median (Figure І.1.7). 

The kurtosis is 0 when the form of the distribution curve is such that the following is 
true:

 4
4 3 .xm s=  (I.1.23)

5. Correlation moment (co-variation factor) μxy—the central moment characterizing the 
degree of linear dependency of two random variables Х and Y:

 ( ) ( ){ } .xy x yM X Ym m m= − −  (I.1.24)
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6. Linear correlation factor ρxy—the standardized correlation moment, the values of which 
fall within the margins [–1; 1]. Standardization is completed through the division of 
the correlation moment into the product of the standard deviations of the two random 
 variables σх and σу:

 .
xy

xy
x y

m
r

s s
=

⋅
 (I.1.25)

For | | 1xyr =  between the two random variables, a linear functional dependency exists. 
When 1 1xyr− < <  between the variables x and y, a statistical (stochastic) dependency 
exists, whereas the closer the value of | |xyr  is to 0, the stronger the representation of this 
value is. If ρxy is positive, the increase in values of х leads to increase in values of у. If ρxy 
is negative, the increase of х results in diminishing у and a reverse dependency will be 
discussed. When 0xyr = , the random variables are uncorrelated. If the random variables 
x and y are independent, they are noncorrelated. The reverse is correct only for principles 
of normal distribution. All separate cases have been presented in Figure І.1.9 [(а) reverse 
statistical dependency, (b) no correlation, (с) straight statistical dependency].

(b)(a)

y y y

x xx (c)

rxy = 0

0 < rxy < 1

–1 < rxy < 0

Figure I.1.9. Different cases of correlation dependencies.

PROPERTIES OF NUMERICAL CHARACTERISTICS 

Textile practice often requires working with variables that are a sum or a product of two or more 
random variables, as well as a product of a random variable and a constant. In such cases, the 
following properties of the numerical characteristics can be used.

1. The mathematical expectation of the constant (С = const ) is equal to the variable itself:

 { } .M C C const= =  (I.1.26)

2. The mathematical expectation of the sum of random variables equals the sum of their mathe-
matical expectations:

 { }
1 1

.
n n

i i

i i

M X M X
= =

⎧ ⎫⎪ ⎪ =⎨ ⎬
⎪ ⎪⎩ ⎭
∑ ∑  (I.1.27)

The property is also valid for subtraction of random variables. In this case, a minus sign 
will be placed before the respective random variables.
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3. The mathematical expectation of the product of two random variables equals the sum of 
the product of the mathematical expectations of the two components and the correlation 
moment:

 { } { } { } .xyM X Y M X M Y m⋅ = ⋅ +  (I.1.28)

If the random variables are noncorrelated:

 { } { } { } .x yM X Y M X M Y m m⋅ = ⋅ = +  (I.1.29)

4. The mathematical expectation of the product of a random variable with a constant 
follows:

 { } { } .M C X C M X⋅ = ⋅  (I.1.30)

5. The variance of a constant is zero:

 { } 0.D C =  (I.1.31)

6. The variance of the product of a random variable and a constant is

 { } { }2 .⋅ = ⋅D C X C D X  (I.1.32)

7. The variance of a sum or a margin of two random variables equals

 { } { } { } 2 .xyD X Y D X D Y m± = + ±  (I.1.33)

Result: If the random variable 1 2= ± ± ± ±� nX X X X  and each pair of random 
variables are mutually uncorrelated, then

 { } { } { } { }1 2 .= + +� nD X D X D X D X  (I.1.34)
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I.2. LAWS OF RANDOM VARIABLES 
DISTRIBUTION

This section presents those probability distributions that are used most often in the textile 
 practice.

CONTINUOUS DISTRIBUTIONS

1. Normal (Gaussian) distribution
The distribution density law is as follows:

 
( )2

221
( ) .

2
s

s p

−
−

=
xx m

P x e  (І.2.1)

The curve of the distribution is bell-shaped and with the increase in the absolute value of 
Х (| x | → 0), it tends asymptotically to the x-axis. The distribution, respectively the form 
of its graph, is defi ned by two parameters. The mathematical expectation mx defi nes the 
location of the curve (Figure І.2.1) and the standard deviation σ defi nes the variance 
around it. When the standard deviation is big the curve is fl at, and when it is small the 
curve is convex (Figure І.1.6).

The normal distribution is typical for many textile properties and is used when the 
property that is being studied is dispersed symmetrically in relation to the central value, 
for example, strength, count, elongation, linear dimensions (length, width, diameter), 
and so on. Very often, when studying random variables, including those distributed 
according to the normal distribution law, the values are centered and standardized. A 
centered random variable is a variable the values of which lie symmetrically around 
zero. The centering is done by extracting the respective mathematical expectation from 
the individual variable values:

 .
o

xX X m= −  (І.2.2)
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The standardization of a random variable is done by dividing its centered value by the 
standard deviation:

 .

o

x
N

X m X
X

s s

−
= =  (І.2.3)
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Figure I.2.1. Movement of the normal distribution in  conformity with 
the mathematical  expectation.
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A standardized random variable has a mathematical expectation of 0 and a variance of 
1—N(0; 1).
 For example, when determining the linear density of linear products, instead of 
 putting down the value of the separate sections, it is better to give the deviations from the 
mean value in percentage. With the help of the standardized random function it is also 
very easy to determine the share of the values in some typical intervals (Figure І.2.2):

( ) 68.26%xm s± →

( 2 ) 95.46%xm s± →

( 2.575 ) 99%xm s± →

( 3 ) 99.73%.xm s± →

0.6

0.4

0.2

0
–8 –6 –4 –2 0 2 4

99.73%
99%

95.46%

–s +s

68.26%

6 8
x

f (x)

 Figure I.2.2. Characteristic values for the normal distribution.

2. Uniform distribution
The uniform distribution can be used for both, continuous and discrete variables. It is 
applied in those cases when the probability of the occurrence of a certain value within a 
particular interval [a; b] is the same. The distribution density is described with the help 
of the following law:

 
1

,
( ) .

0,

a x b
P x b a

b x a

⎧ ≤ ≤⎪= −⎨
⎪ ≤ ≤⎩

 (І.2.4)

The mathematical expectation is defi ned as follows:

 ,
2x

a b
m

+
=  (І.2.5)
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and the formula for the variance is

 
( )2

2 .
12

b a
s

−
=  (І.2.6)

The graph of the uniform distribution is shown in Figure І.2.3.

f (x)

1/(b – a)

x
a

0
b

Figure I.2.3. Uniform distribution.

DISCRETE DISTRIBUTIONS

1. Binomial distribution
The binomial distribution is the most widespread discrete distribution. It shows the 
 probability of a certain event to occur х times out of n cases (repetitions). The  distribution 
law is defi ned as follows:

 !
( ) ,

!( )!
x x n x x n x
n

n
P x c p q p q

x n x
− −= =

−
 (І.2.7)

where р is the probability of occurrence of a certain event and
q = 1 – p is the probability of nonoccurrence of the particular event. 

The mathematical expectation is

 xm n p= ⋅  (І.2.8)

and the variance is

 2 .n p qs = ⋅ ⋅  (І.2.9)

Figure І.2.4 presents different cases of binomial distribution when there is a change 
in the number of tests n and the probability of occurrence of the event р. Cases (a) and 
(b) show the distribution when there is a change in the number of tests from 5 to 10, the 
probability of occurrence being р = 0.1. The probability of nonoccurrence is q = 0.9. 
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The distribution is asymmetrical. In cases (c) and (d) the number of tests is changed 
again, but the probability of occurrence is now р = 0.5, respectively, and the probability 
of nonoccurrence is q = 0.5. The distribution is symmetrical. It can be seen that in case 
of a symmetrical distribution and increase in the number of tests, the distributions tends 
to normal. 

0
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Figure I.2.4. Binomial distributions.

In order to illustrate the binomial distribution, the most common example used is 
the example of determining the probability when rolling a die. For example, let us try 
to determine the probability of rolling a three twice in 10 throws. The probability is 
determined when the following values are substituted in formula (І.2.7): number of tries 
(throws) n = 10, probability of the event “rolling a three” 1

6p =  (the possible options 
are 6, each has an equal chance of occurrence), and the desired number of occurrences of 
the event is х = 2. After substituting, the probability of rolling a three twice in 10 throws 
can be determined:

2 10 2
10! 1 5

( ) 0.29.
2!(10 2)! 6 6

P x
−⎛ ⎞ ⎛ ⎞= =⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠−

The binomial distribution is often used in the textile production when qualifying the 
production.
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Example

In the production of hemp technical fabrics for sacks it has been established that out of 
100 samples of the fabric an average of 50 have defects. Determine the probability of 
having a maximum of two samples with defects out of a total of three samples.

First determine the probability of having a fabric with a defect:

50
0.5.

100
p = =

In order to satisfy the condition of having a maximum of two defective samples, the 
 possible options are no defective sample, one defective sample, and two defective 
samples. The  probability of having no defective samples when the volume of the 
sample is n = 3 is

( ) ( )0 3 03!
(0) 0.5 0.5 0.125.

0!(3 0)!
P

−= =
−

The probability to have one defective sample is

( ) ( )1 3 13!
(1) 0.5 0.5 0.375.

1!(3 1)!
P

−= =
−

The probability to have two defective samples is

( ) ( )2 3 23!
(2) 0.5 0.5 0.375.

2!(3 2)!
P

−= =
−

Therefore, the probability to have a maximum of two defective samples is 

( 2) (0) (1) (2) 0.875.P x P P P≤ = + + =

2. Poisson distribution
The Poisson distribution is an instance of the binomial distribution in which with the 
increase in the number of tests n the probability for the occurrence of the event р is 
decreased, so that p · n = const = l. Therefore, it is often said that the Poisson distribution 
is a distribution of the rare events. The distribution law is the following:

 ( ) ,    0,1, 2,
!

ll−
= = …

xe
P x x

x
 (І.2.10)

What is typical about the Poisson distribution is that it is monoparametrical. The 
mathematical expectation and the variance equal the parameter l:

 2 .xm s l= =  (І.2.11)
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Figure І.2.5 represents different cases of Poisson distribution when there is a change in 
the number of the parameter l.
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Figure I.2.5. Poisson distributions.

What can be seen from the graphs in Figure І.2.5 is that with the increase in the values 
of the parameter l, the distribution becomes more and more symmetrical and tends to 
the normal distribution. 

One of the most common applications of the Poisson distribution in the textile 
 production is in determining the number of fi bers in a section of a textile mill product. 
The irregularity is determined with the help of the coeffi cient of variation according to 
the formula given (see formula (І.1.12)). Taking into account that ,xm n=  where n  is the 
mean number of fi bers in the product section and the property of the Poisson distribution 
for equality between the variance and the mathematical expectation (see formula І.2.10), 
the coeffi cient of variation is the following:

 100
100 100 .

x

n
v

m n n

s
= = =  (І.2.12)

The resulting value of the irregularity (coeffi cient of variation) is theoretic as it has been 
obtained on the basis of the random distribution of fi bers without taking into account 
the irregularity of the fi bers and the impact of machine parts. The real irregularity of the 
products is much higher.

The Poisson distribution is also used very often in assessing the breakage in processing. 
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Example

What is studied is the breakage of a spinning machine with 96 spindles. It has been 
established that there are 80 breakages for 2 h. What has to be found out is the  number 
of spindles for which the number of breakages is expected to be 0, 1, 2, 3, 4, and so on.

The mean number of breakages for one spindle for a period of 2 h is

80
0.833.

96
x = =

The probability that there will be no breakage within a period of 2 h is

0.833 00.833
(0) 0.435.

0!

e
P

−
= =

The probability of one breakage is: 
0.833 10.833

(1) 0.363.
1!

e
P

−
= =

The probability of two breakages is: 
0.833 20.833

(2) 0.151.
2!

e
P

−
= =

For three breakages: 
0.833 30.833

(3) 0.047.
3!

e
P

−
= =

For four breakages: 
0.833 40.833

(4) 0.0087.
4!

e
P

−
= =

In order to determine the number of spindles that will have the respective number 
of breakages, the probabilities are multiplied by the total number of spindles:

For a period of 2 h there will be no breakage on 96 × 0.435 = 42 spindles.

One breakage is expected on 96 × 0.363 = 35 spindles.
Two breakages on 96 × 0.151 = 14 spindles.
Three breakages on 96 × 0.047 = 4 spindles.
Four breakages on 96 × 0.0087 = 1 spindle. 

There are other types of distributions that are used in textile production such as the Weibull 
and Gamma distributions, but the ones presented above are the most widely used. 
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I.3. STATISTICAL ESTIMATES

The defi nition of the numerical characteristics of the law, or respectively of the distribution 
function of a population of observed data, is called statistical estimation and the resulting 
numerical values are statistical estimates. The statistical estimates defi ne the real values of the 
respective numerical characteristics only in an approximate manner. The reason is that they are 
calculated on the basis of a random sample with limited volume. Increasing the volume of the 
sample increases the accuracy of the estimates, which in turn is related to an increase in the 
test costs. One of the tasks of mathematical statistics is to fi nd the minimum sample volume in 
order to obtain such a degree of accuracy in estimation that satisfi es the needs of the researcher. 

Mathematical statistics also makes use of different functions, called statistics, which 
depend solely on the observation data. Each statistic used for the estimation of a certain para-
meter or numerical characteristic of the distribution of the population is distributed according 
to some law around the respective parameter or characteristic. Under an analogy with the prob-
ability theory where the task is to fi nd the most accurate value of a parameter or a numerical 
characteristic, this estimation is called point estimation, and the estimate—a point estimate. 
When with the help of the  distribution of the statistic used is defi ned the interval in which there 
is a suffi cient probability to fi nd the estimated parameter or numerical characteristic, the estima-
tion is called an interval estimation and the estimates—interval estimates.

CONDUCTING THE TEST

As a result of conducting the test, quantitative or qualitative estimates of the investigated indi-
cations are obtained, which are the respective realization of the variable when performing the 
test. The resulting data, recorded according to the order of their appearance, is called primary 
range. 

The initial form of results recording does not allow a defi nition of the rule in the change 
of the indication. In order to provide a possibility for scientifi c research, fi rst the data should 
be arranged according to value. What is obtained is the so-called arranged range. The arrange-
ment can be in ascending х1 ≤ х2 ≤ ... ≤ хi ≤ … ≤ xn or descending order х1 ≥ х2 ≥ ... ≥ хi ≥ … ≥ xn. 
When the number of measurements is big (over 25–30), it is more convenient to group the 
results in class intervals. In this case the data is entered into a primary table. 

When choosing the width of the class interval b, the following requirements should be met:

1. It should be the same for all intervals, which facilitates the determination of the statistical 
estimates.

2. The number of class intervals should fall within 6 ≤ k ≤ 25.
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3. The approximate number of intervals can be determined according to the following 
formula:

 k = 1 + 3.2 lg n, (І.3.1)

where n is the number of measurements.

4. The width of the interval is max min .
−= x x

b
k

It is recommended to round off the value of the interval width in order to facilitate calculations, 
if they are done manually, or the perception thereof as a whole. For example, if the calcula-
tions result is b = 1.89 or b = 2.14, it is preferable to operate with a class interval width of 
b = 2. In this case the limits of the class intervals will be 0–2, 2–4, 4–6, and so on. For the fi rst 
case (b = 1.89) they would be 0–1.89, 1.89–3.78, 3.78–5.67, and so on, and for the second one 
(b = 2.14) 0–2.14, 2.14–4.28, and so on.

The number of results in a given interval is called absolute frequency, hj, and the ratio of 
the absolute frequency to the volume of the sample n is called relative frequency:

 100.
j

j

h
f

n
=  (І.3.2)

When grouping the results together in class intervals, the data is processed under the assump-
tion that all values determined in the respective interval equal the mean of the interval. If we are 
interested not in the share participation of each interval but in the share of the results above or 
under a certain value, then what is used is the cumulative frequency, Σ fj. It represents the sum 
of the relative frequencies from the initial to a given class interval.

Example

A measurement should be conducted in order to determine the strength of a certain yarn by 
performing 120 tests. The expected values fall within the (190–300) cN interval.

The approximate number of class intervals is determined according to (І.3.1):

1 3.2 lg120 7.65.= + =k

The resulting value is rounded off to 8.

The width of the class interval is determined:

300 190
13.75

8
b

−
= =  cN.

The class width that is selected for operational convenience is close to the calculated one. 
In order to allow for more precise calculations, the interval is reduced to 10 cN. Table І.3.1 
shows the processing order for the grouped data.

The number of the interval is entered in column 1, the interval limits in column 2, the mean 
of the interval in column 3, the number of occurrences in each interval in column 4, the absolute 
frequency hj (the sum of the occurrences) in column 5, the relative frequency fj in column 6, and 
the cumulative frequency Σ fj [as determined according to formula (І.3.2)] in column 7.
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The test results are graphically represented through:

• A histogram of the frequency distribution (Figure І.3.1)—a diagram consisting of rect-
angles with a width equal to the width of the class interval and a height equal to the 
absolute or relative frequencies for the respective interval. 

• A distribution polygon (Figure І.3.1)—a curve that represents the relationship between 
the mean values of the intervals and their absolute or relative frequencies. It is an esti-
mate of the density distribution law.

30hj

xj

25

20

15
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5

0
195 205 215 225 235 245 255 265 275 285 295

Figure I.3.1. Histogram and polygon.

Table I.3.1. Calculation of the data for drawing of the histogram, polygon 
and cumulative curve 

Class 
 interval

Interval 
limits

Mean of the 
 interval Stroke

Absolute 
 frequency hj

Relative 
 frequency fj

Cumulative 
 frequency S fj

(1) (2) (3) (4) (5) (6) (7)

1 190–200 195 2 1.67 1.67
2 200–210 205 2 1.67 3.33
3 210–220 215  7 5.83 9.17
4 220–230 225   12 10.00 19.17
5 230–240 235    18 15.00 34.17
6 240–250 245      28 23.33 57.50
7 250–260 255     23 19.17 76.67
8 260–270 265   14 11.67 88.33
9 270–280 275  10 8.33 96.67
10 280–290 285 3 2.50 99.17
11 290–300 295 1 0.83 100.00

120 100
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• A cumulative curve (Figure І.3.2)—a curve that represents the probability of the occur-
rence of a value under the upper limit of the respective class interval. It is an estimate of 
the distribution function.

With the increase in the size of the sample and narrowing of the interval width, the frequency 
distribution polygon gets closer and closer to the law on random variable distribution and the 
cumulative characteristic closer to the distribution function. 

POINT ESTIMATES

1. Arithmetic mean x—an estimation of the mathematical expectation.

It is calculated for:

• single values

 1 ,==
∑

n

i
i

x

x
n

 (І.3.3)

where xi is ith consecutive value,
n is the number of tests.

• grouped values 
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Figure I.3.2. Cumulative curve.
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where xj is the mean of the jth interval,
hj is the absolute frequency of the jth interval,
fj is the relative frequency of the jth interval,
k is the number of class intervals.

2. Mode/Modal value x̂—the estimate of the mode/modal value of the population.

It is determined as follows:

• for single values—it corresponds to the value that has the highest frequency;
• for grouped values

 1

1 1

ˆ ,
2

−

− +

−= +
− −
m m

m
m m m

h h
x x b

h h h
 (І.3.5)

where xm is the upper limit of the modal interval (the interval with the highest 
frequency),

b is the width of the class intervals,
hm is the absolute frequency of the modal interval,
hm−1 is the absolute frequency of the premodal interval,
hm+1 is the absolute frequency of the postmodal interval.

3. Median x�—the estimate of the mode/modal value of the population. The median divides the 
arranged range in two—the number of values before and after being equal. Geometrically, 
the median divides the area under the polygon in two equal parts. It is determined as follows:

• for single values

 1

2

nx x +=�  if n is an odd number, (І.3.6)
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�  if n is an even number (І.3.7)

• for grouped values 
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where xmed is the lower limit of the median interval (the fi rst interval in which the 
absolute sum frequency is higher than 0.5n),

jmed–1 is the consecutive number of the premedian interval,
hmed is the absolute frequency of the median interval.

INTERVAL ESTIMATES

1. The range R is an estimate which is very easy to calculate but it serves only as a disper-
sion indication:

 max min.R x x= −  (І.3.9)
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2. Mean linear deviation d is an estimate that does not refl ect   the deviating results to a 
suffi cient degree. It is determined in the following manner: 

• for single values

 1 ,=

−
=
∑

n

i
i

x x

d
n

 (І.3.10)

where x  is the arithmetic mean;

• for grouped values 
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3. The variance S 2 is the estimate of the population variance D{x} and is determined as 
follows: 

• for single values

 2 2
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• for grouped values
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It is a displacement estimate which, due to its adjusted value, is calculated by dividing 
the sum of the squares of the deviation by (n – 1). The standard deviation S is determined 
on the basis of this estimate: 

 2 .=S S  (І.3.14)

Just like the range and the mean linear deviation, the standard deviation has the dimen-
sion of the tested variable but eliminates their defects. It is used both as a variance esti-
mate and as an estimate for the error that occurs due to the incomprehensive nature of the 
research. This deviation can be used to determine the sustainability of the manufacturing 
process, and so on. If the size of the sample is small and there is little dispersion in the 
results (e.g., when testing fabrics), the standard deviation can be calculated with the help 
of the range as follows:

 ,=
n

R
S

a
 (І.3.15)

where an is a coeffi cient which can be taken from Table І.3.2 in accordance with the size 
of the sample n.
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The described interval estimates have some disadvantages, namely:

• They bear the dimension of the investigated variable and therefore it is not possible to 
compare the degrees of dispersion of two different indicators, for example, whether 
the wool fi bers show greater dispersion in length or in diameter.

• They do not depend on the mean value. When the mean value is low even the smallest 
deviations are of importance. For example, if there are two yarns with mean strengths 
of 100 cN and 350 cN, respectively, and the same standard deviation S = 20 cN. At 
100 cN, the standard deviation is 20% of the mean value and at 350 cN it is 5.7%.

These disadvantages are eliminated with the so-called irregularity estimates. In their 
nature there are interval estimates (for dispersion) but are calculated as a percentage of 
the mean value.

4. Linear irregularity coeffi cient Н

 100.= d
H

x
 (І.3.16)

It is used for the comparison of two empirical distributions in view of their dispersion 
around the mean. Since it is calculated from the mean linear deviation, it has certain 
drawbacks.

Table I.3.2. Values of the coeffi cient an in accordance with the number of trials n

n 2 3 4 5 6 7 8 9 10 15 20 25
an 1.128 1.693 2.059 2.326 2.534 2.704 2.847 2.970 3.078 3.472 3.735 3.931

Example

There are two different yarns, each having been measured 100 times. For the fi rst 
yarn there are 99 results of 100 cN and one of 1 cN. For the second yarn there are 50 
measurements of 101 cN and 50 measurements of 97 cN. 

In both cases the average strength is 99 cN and the linear irregularity is 2%. In 
the fi rst case, due to the presence of a weak section the yarn will break, and in the 
second it will not.

5. Coeffi cient of variation v

 100.= S
v

x
 (І.3.17)

The coeffi cient of variation is preferable when analyzing the irregularity as it is calculated 
on the basis of the standard deviation in which the deviations from the mean value are 
at square degree. Thus the weak deviations die out and the strong ones intensify. In the 
 example above, the coeffi cient of variation in the fi rst case is 10%, and in the second is 2%. 
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When the sample is big in size and the law of distribution is normal, the  coeffi cient 
of variation can be defi ned by the linear irregularity coeffi cient using the following 
 formula:

 1.253 .
2

p= ⋅ ≈v H H  (І.3.18)

When the size of the sample is small and the law of distribution is normal, the relation-
ship is as follows:

 ,= ⋅v A H  (І.3.19)

where А is a coeffi cient, which can be taken from Table І.3.3 in accordance with the size 
of the sample n.

Table I.3.3. Values of the coeffi cient A in accordance with the number of trials n

n 4 6 8 10 15 20 50
А 1.447 1.373 1.340 1.321 1.291 1.286 1.266

CONFIDENCE INTERVALS

The determination of confi dence intervals is necessary due to the substitution of the unknown 
real values with estimates calculated on the basis of a sample. For the establishing of confi dence 
intervals such a distribution is used, the law of which does not depend on unknown values but 
only on the number of tests n and on the law of distribution of the random variable. 

CONFIDENCE INTERVALS OF THE ESTIMATES IN CASES 

OF NORMAL DISTRIBUTION

1. Mean value
If the random variable Х is normally distributed, the confi dence interval of its math-
ematical expectation is determined as follows:

 x q± , (І.3.20)

where q is the absolute confi dence error. It is determined with the help of the following 
formula:

 S
q t

n
= ⋅ , (І.3.21)
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Student’s t-distribution is tabulated and therefore the notion of the table value of 
Student’s t-distribution (criteria) is used very often. The values of the distributions are 
given in Appendix 1. 

As can be seen from formula (І.3.21), the absolute confi dence error has the dimen-
sion of the investigated value and depends on the standard deviation of the sample, on 
its size, and on the value of Student’s t-distribution. It increases with an increase in the 
dispersion and an increase in the confi dence probability 1g a= −  and decreases with an 
increase in the number of tests.

The confi dence probability is selected in accordance with the desired number of 
cases within the resulting confi dence interval. In the textile practice, people most often 
use confi dence probability of 0.95, which corresponds to a 0.05 level of signifi cance. In 
certain cases, higher values of the confi dence probability can be used.

The confi dence interval can also be arrived at through the relative confi dence error. 
It is defi ned by relating the absolute confi dence error to the mean value, respectively, if 
instead of the standard deviation the variation coeffi cient is used:

 100 .= ⋅ =S v
p t t

x n n
 (І.3.23)

With the help of these formulae one can establish the approximate number of tests 
nmin for acquiring the set maximum confi dence error percentage pmax:
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 (І.3.24)
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Figure I.3.3. Student’s t-distribution.

where t is the value of Student’s t-distribution, which is determined according to the 
selected level of signifi cance a and the degrees of freedom  f  (Figure І.3.3):

 ( ), 1t f na = − . (І.3.22)
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Chi-squared distribution is asymmetrical (it tends to symmetrical with the increase 
in the number of tests) and therefore the confi dence level of variance is determined by 
the following inequality:
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where the degrees of freedom are f = n – 1.

CONFIDENCE INTERVAL OF THE l PARAMETER FOR POISSON DISTRIBUTION

When the value of the parameter l (l > 20) is big, the distribution tends to normal and therefore 
the confi dence interval of the mathematical expectation can be calculated in a manner similar 
to that of the normal distribution:

 .s± ⋅x t  (І.3.26)

As in Poisson distribution ,s = xm then:

 .± ⋅x t x  (І.3.27)

In the classical case (l < 20), the limits of the confi dence interval of the mathematical expecta-
tion are:
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where the value of Student’s t-distribution is taken into consideration in the following case 

t (a, ∞). Since 
2

,
4

<<t
x  this member is very often neglected and the following equation is used 

in order to determine the confi dence interval:
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g
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Figure I.3.4. Chi-squared distribution.

2. Variance
When defi ning the confi dence interval of the variance, the Chi-squared (χ2) distribution 
is used (Figure І.3.4).
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which shows that the interval is symmetrical, however not in reference to the mean value but 

in reference to 
2

2

t
x + .

CONFIDENCE INTERVAL OF THE PARAMETER p FOR 

BINOMIAL DISTRIBUTION

Very often the parameter р cannot be mathematically calculated like dice-throwing. So one 
should use tests to determine it. If n is the total number of tests, and m is the cases when the 
desired event occurred, then the ratio m/n in a suffi ciently big number of tests is the probability 
estimate р. In this case the confi dence interval is

 2
1 .

⎛ ⎞= ± −⎜ ⎟⎝ ⎠
m m m

p t
n nn

 (І.3.30)

If the probability р can be calculated, the confi dence interval is

 
( 1) ( 1)m p p m p p

t p t
n n n n

− −
− ≤ ≤ + . (І.3.31)

Example

When calculating the mass of knit sweaters, the following values have been acquired (in g): 
200, 210, 215, 210, 210, 195, 200, 190, 210, 205. Determine the statistical estimates.

The arranged range is: 190, 195, 200, 200, 205, 210, 210, 210, 210, 215. 

The mean arithmetic value is:

190 195 200 200 205 210 210 210 210 215

10
x

+ + + + + + + + +
= =  204.5 g.

The modal value is ˆ 20 g=x as it has the highest rate of occurrence (four times), and 
the median is determined as the mean arithmetic value of the fi fth and the sixth value 

205 210

2
x

+
= =� 207.5 g.

The range is max min 215 195R x x= − = − = 20 g.

The mean linear deviation is 
190 204.5 195 204.5 2 200 204.5 205 204.5

10
d

− + − + ⋅ − + −
=

4 210 204.5 215 204.5

10

⋅ − + −
+ = 6.6 g.

(Continued )
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The variance is ( ) ( ) ( )2 2 22 21
190 204.5 195 204.5 2 200 204.5 (205 204.5)

9
S ⎡= − + − + ⋅ − + −⎣

( ) ( )2 2
4 210 204.5 215 204.5 ⎤+ ⋅ − + − =⎦ 63.61 g2

and the standard deviation 2S S= = 7.98 g.

The coeffi cient of variation is 
204.5

100 3.9
7.98

v = = %.

In order to determine the confi dence errors from Appendix 1 at a signifi cance level of 
α = 0.05 and degree of freedom f = 10 – 1 = 9, the tabular values of Student’s t-distribution 
are taken into account t = 2.26.

The absolute confi dence error is 
2.26 7.98

5.7
10

q
×

= =
 
g.

The percentage confi dence error is 2.26 3.9
2.8%.

10
p

×
= =

The confi dence interval for the sweaters’ mass can be recorded, both, with the absolute 
and the percentage confi dence error:

m = (204.5 ± 5) g
m = 204.5 g ± 2.8%

It shows that when conducting new measurements, 95% (γ = 1 – 0.05) of the measured 
sweaters will have a mass in the interval (195.5–209.5) g.

According to (І.3.21), the confi dence interval of the variance can also be determined: 

29 63.61 9 63.61
,

16.92 3.33
s

× ×
≤ ≤

that is, with a confi dence probability γ = 0.95, the variance lies within [33.84; 171.92] g2.

(Continued )

Example

In 50 tests, 10 samples proved to be without defects. Find the approximate confi dence 
 interval of pulling out a sample without defect.

The probability of pulling out a sample without a defect can be determined approxi-
mately as the ratio between the number of samples without defects m and the total number 
of samples n:

10
0.2.

50
= =m

n

The confi dence interval is calculated according to (І.3.30), the value of Student’s  t-distribution 
being  determined from Appendix 1 at a level of signifi cance α = 0.05 and degree of freedom 
f = ∞. At t = 1.96, the confi dence interval is p = [0.0891, 0.3109].
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I.4. STATISTICAL PROCESS CONTROL 
AND CONTROL CHARTS

STATISTICAL PROCESS CONTROL

The statistical process control (SPС) is applied in established technological processes in order 
to observe, analyze, and regulate them. The use of   SPC allows for timely warning in case of 
a deviation and, if necessary, to correct the parameters of the process. The application of SPC 
is a prerequisite for the timely detection of the reasons behind quality deterioration. It helps in   
decreasing the defects, maintaining the quality at a selected level, and improving the techno-
logical process (Figure І.4.1).

The control is realized through regular inspections carried out according to a certain 
 schedule that uses the methods of mathematical statistics (Figure І.4.2).

The correct running of the technological processes is assessed with the coeffi cients of 
 process capability. 

The coeffi cient of process stability, Ср, represents the relationship between the tolerance of 
the controlled parameter Т and the area of dispersion V:

 ,
6
u l

p
T TT

C
V S

−
= =

⋅
 (І.4.1)

  where S is the standard deviation of the parameter,
Тu and Тl are the upper and lower limits of the parameter tolerance, respectively.

When the dispersion area is lower than the tolerance, (Ср > 1), the technological process is 
stable and can be controlled by statistical methods. The control of this process can help in 
avoiding defective products. When Ср < 1, the process is unstable and the occurrence of defects 
is inevitable. In order to make this process manageable it is necessary to make changes in the 
technology, to repair or replace the machines. A value over 1.33 is considered a good coeffi cient 
of process stability as it guarantees the stability of the process for a longer period. For a short 
period the stability is determined mainly by the machine, while for a longer period other factors 
may play a role, such as wearing out, changes in the parameters of the environment or in the 
parameters of the material.

Apart from being stable, a process has to be set in the right manner. The setting of the 
technological processes is characterized by the so-called coeffi cient of adjustment, Срk, which 
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defi nes the displacement of the center of the grouped results toward the middle of the tolerance 
fi eld. Since the displacement can occur in both directions two coeffi cients are determined, Срk1 
and Срk2, the coeffi cient of adjustment being the smaller of the two:

 1 ,
3
l

pk
T X

C
S

−
=

⋅
 (І.4.2)
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 ( )1 2min , .pk pk pkC C C=  (І.4.4)

The coeffi cient of adjustment Срk should have a value of more than 1. Otherwise, defects 
can occur in the production, and their percentage depends on the type of distribution. For a 
normally distributed random variable, the values of the defective production dependent on the 
coeffi cient of adjustment are given in Table І.4.1.

Table І.4.1. Percentage of defective production for a normally distributed random variable

Срk 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Defective production (in %) 50 38 27 18 12 7 4 2 1 0.4 0

Figure І.4.3 represents the typical cases of distribution of the controlled variable under the nor-
mal law of distribution [(a) set but unstable process, (b) set and stable process, (c) stable process 
with a borderline setting, (d) stable but unset process]. 

Figure I.4.3. Some typical cases of 
 distribution of the controlled variable.

Tl Tu

T

(a)

(b)

(c)

(d)

Cp < 1

Cp > 1; Cpk > 1

Cp > 1; Cpk = 1

Cp > 1; Cpk < 1
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CONTROL CHARTS

The operational control is implemented with the help of control charts—a piece of cardboard 
on the x-axis of which are recorded the discrete moments of time in which the control has been 
 performed or the number of the sample (observation), and on the y-axis is the controlled indicator. 

The statistical hypothesis can be verifi ed graphically by the control chart. The confi dence 
interval is built for a certain estimate q under the condition that the zero hypothesis is being met 
Н0: q = q0, where q0 is the value desired by us or required by a certain standard or a document. 
The zero hypothesis is not rejected if the estimate of the specifi c parameter falls within the 
limits of the confi dence interval, and it is rejected in the opposite case. Most often, the numeri-
cal characteristics of the distribution of random variables (mathematical expectation, median, 
variance, range, and so on) are used for estimates.

The creation of a control chart is based on the following prerequisites: the controlled 
 property is a random value and, therefore, the individual values vary in a certain interval:

 ,tm s± ⋅  (І.4.5)

where m is the mathematical expectation of the random value,
s is the standard deviation,
t is Student’s t-distribution value at a selected confi dence probability. 

Most often, the confi dence probability used is g = 0.99 which corresponds to t = 2.576 or 
g = 0.9973 which corresponds to t = 3. The second case is used more often since the value of t 
is a whole number and the percentage of case coverage is almost 100.

The control chart consists of three lines—one central that corresponds to the nominal or 
mean value and two parallel ones—the upper and lower control limits, which set the width of 
the confi dence interval at the selected confi dence probability (Figure І.4.4). Sometimes on the 
control chart are also positioned two warning lines at a distance of ± 2S.

Keeping a control chart means to record the value of the investigated property on the chart 
in selected moments. If there are values that fall outside the interval, defi ned on the basis of a 
preliminary sample, it means that the technological process is disturbed and an intervention is 
necessary in order to regulate it. If only one value falls outside the interval, this does not imply 
a correction in the process since the interval set does not cover 100% of the cases (when g = 0.99 
it is permissible for 1 of a 100 values to fall outside the set limits). If there is a value outside the 

⊗

Upper limit

Nominal

Lower limit

3S
3S

Figure I.4.4. Graphical presentation of the control chart limits.
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control limits defi ned by the standardization requirements (through the limits of the tolerance 
fi eld), this is already a signal for the appearance of defects. All products manufactured after the 
last regular sample should be subjected to overall control. 

DESIGN OF STATISTICAL CONTROL CHARTS

When designing a control chart it is necessary to comply with the following requirements:

• the controlled variable should be random; and
• the controlled technological process should be stable (Ср > 1).

Data from the preliminary measurement is used in chart design with the objective of fi nd-
ing the mean and the standard deviation. For the standard deviation to be close enough to 
that of the population, 100 to 200 primary data are necessary. The primary data should be 
taken from  different packages or in different times which guarantees that the sample is 
 representative. 

Example

When determining the limits of the control chart for yarn strength, it is preferable to make 
20 measurements from fi ve spools than 100 measurements from one spool.

The next task is to establish whether the resulting values are from one and the same 
 population. This could be checked with the help of Student’s criteria by comparing the 
mean values of the different packages. More often, the approach of excluding the strongly 
 deviating results is used. The method includes calculating the mean and the standard 
 deviation of the primary data and establishing the confi dence interval. All results that fall 
outside the  limits of the confi dence interval are eliminated (Figure І.4.5). New interval 
 limits are calculated with the remaining values until all values fall within the newly calcu-
lated confi dence  interval.

Control charts can also be designed on the basis of standardization of requirements, 
including nominal value, tolerance, upper and lower tolerance limits, and acceptable quality 
level (AQL). AQL is the maximum medium-level of defectiveness which is considered to be 
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Figure I.4.5. Algorithm for calculation of the control limits.
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 acceptable. It is a matter of agreement, but as a reference it is selected within the following 
limits in dependence to the type of product and its responsibility:

• AQL = 0.04–0.4%—for products with a high level of responsibility such as those used in 
the healthcare and defense sector.

• AQL = 0.65–1.5%—for products with high level of responsibility used in technical 
 facilities.

• AQL = 2.5–6.5%—mass technical tasks (such as those in the textile production).
• AQL = 6.5–15%—products with low level of responsibility.

TYPES OF CONTROL CHARTS

• for measurable (quantitative) indicators; and
• for countable (qualitative) indicators.

If possible, the control charts for quantitative indicators should always be preferred as they 
provide better accuracy. 

Control Charts for Quantitative Indicators

For this type of control charts, the time is recorded along the x-axis and the qualitatively mea-
surable indicators about the quality of the production are along the y-axis. When setting the 
control limits it is necessary to know the type of distribution of the random variable. The most 
widely spread types of control charts are those for normally distributed random variables. In 
case the distribution of the random variable differs from the normal one, other suitable distribu-
tions or free of distribution criteria might be used for verifi cation of hypotheses. 

In order to fi nd out the distribution type, usually a preliminary sample is made which con-
sists of a large number of elements (no less than 150–200 observations). These observations are 
used for the creation of a histogram and then visually it is estimated whether the distribution 
can be considered to be a normal one. If necessary, a statistical verifi cation of the distribution 
type can be performed.

If it is necessary to control two or more indicators, those indicators could be checked for 
independence with the help of the procedures for examination of hypothesis for coeffi cients of 
correlation. If two indicators are interrelated then only one of them should be used as it contains 
information about the other one. Thus the statistical control is greatly facilitated.

On the basis of the preliminary sample the capability of the process is defi ned, such as its 
adjustment and stability. The charts for qualitative indicators with an established normal law of 
distribution have the biggest practical application. According to the Bulgarian State Standard BDS 
11319:1990 Statistical quality regulation. Control charts the following combined charts are used:

• /x S  chart for mean arithmetic value and standard deviation;
• /x R chart for mean arithmetic value and range;
• /x R�  chart for median and range;
• Control chart for the practical limits;
• Control chart for individual values and absolute values of the subsequent differences 

1/ | |+−i i ix x x .
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Initially the chart that characterizes the dispersion of the process is analyzed. After the standard 
deviation or the range is stabilized, the chart that characterizes the setting of the process is analyzed.

/x S CONTROL CHART

The chart is effective if the size of the sample is bigger than 8. It is convenient for usage when 
there are tools for the quick calculation of x  and S. What is necessary to calculate the charts are 
k = 20–30 samples with a total number of single tests n = 1000–200.

The mean arithmetic value ix  and the standard deviation Si are established for all samples:
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The resulting values are recorded on the control charts and the individual points are connected 
with a broken line that shows the trends in the change of certain characteristics. 

The mean values of ix  and Si are determined by
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The resulting values are recorded on the charts (Figure І.4.6).
The control limits Kl and Ku are determined according to the formulae given in Table І.4.2, 

and the values of the coeffi cients А3, А6, В3, В4, В5, and В6 are given in Table І.4.3. 
When the control chart is calculated according to the standardization requirements, the 

limits are calculated in relation to the tolerance fi eld Т and the standard deviation S0, as defi ned 
in big samples or according to the selected acceptable quality level (Table І.4.4).

The calculated control limits are recorded in the chart (Figure І.4.6).
On the variance chart only the upper limit is represented. The value of the lower limit has 

no practical signifi cance since the movement of the results in its direction is a positive sign that 
the process is stabilized.

/x R  CONTROL CHART

The chart is similar to the /x S chart but instead of the standard deviation the range is used to 
estimate the dispersion. The range for each sample is calculated:

 Ri = xi, max − xi, min, (І.4.10)
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Table І.4.3. Auxiliary coeffi cients for calculation of the control limits

Coeffi cients
n

2 3 4 5 6 7 8 9 10

А2
А3
А5
А6

1.880
2.659
2.800
0.293

1.023
1.954
1.360
0.423

0.729
1.628
0.950
0.500

0.577
1.427
0.740
0.553

0.483
1.287
0.620
0.592

0.419
1.182
0.540
0.622

0.373
1.099
0.480
0.646

0.337
1.032
0.430
0.667

0.308
0.975
0.390
0.684

В3
В4
В5
В6

0
3.267
0
2.606

0
2.568
0
2.276

0
2.266
0
2.088

0
2.089
0
1.964

0.030
1.970
0.029
1.874

0.118
1.882
0.113
1.806

0.185
1.815
0.179
1.751

0.239
1.761
0.232
1.707

0.284
1.716
0.276
1.669

D1
D2
D3
D4

0
3.686
0
3.267

0
4.358
0
2.574

0
4.698
0
2.282

0
4.918
0
2.114

0
5.078
0
2.004

0.204
5.204
0.076
1.924

0.388
5.306
0.136
1.864

0.547
5.393
0.184
1.816

0.687
5.469
0.223
1.777

d2 1.128 1.693 2.059 2.326 2.534 2.704 2.847 2.970 3.078

Table І.4.4. Standard deviation in accordance to the selected AQL

AQL (in %) 0.04 0.065 0.10 0.15 0.25 0.40 0.65
S0 Т / 7 Т / 6.8 Т / 6.6 Т / 6.4 Т / 6 Т / 5.78 Т / 5.44

AQL (in %) 1.0 1.5 2.5 4.0 6.5 10.0 15.0
S0 Т / 5.16 Т / 4.86 Т / 4.46 Т / 4.12 Т / 3.7 Т / 3.3 Т / 2.88

Table І.4.2. Calculation of the control limits for /x S control chart

Type of chart

Control limits

CommentAccording to test data
According to  standardization 

 requirements

x 3uK x A S= + ⋅

3lK x A S= − ⋅

( )6 / 2u uK T A T= −

( )6 / 2l lK T A T= +
In combination 

with S-chart

S
4uK B S= ⋅

3lK B S= ⋅

6 0uK B S= ⋅

5 0lK B S= ⋅
When n ≤ 5

Kl = 0
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and the individual values are used for the calculation of the mean range of all k number of 
samples:
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 (І.4.11)

The range is a less effective estimate in comparison with the standard deviation but is  easier 
in terms of calculation. The formulae for the calculation of the control limits are given in 
Table І.4.5.

0

S

1 2 3 4 5 6 7 8
Observation number

9 10 11 12 13 14 15

Ku

Kl

Ku

x=

16

x

S

Figure I.4.6. /x S  control chart.

Table І.4.5. Calculation of the control limits for /x S  control chart

Type of card

Control limits

CommentAccording to test data
According to standardization 

requirements

x
2uK x A R= + ⋅

2lK x A R= − ⋅

( )6 / 2u uK T A T= −

( )6 / 2l lK T A T= +
In combination 

with R-chart

R
4uK D R= ⋅

3lK D R= ⋅

2 0uK D S= ⋅

1 0lK D S= ⋅
When n ≤ 6

Kl = 0
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Very often, with time the mean value changes under the infl uence of a certain factor, for 
example, the wearing out of the card-clothing wire leads to an increase in the number of neps in 
the card sliver. In these cases an /x R chart with a “moving average” which allows the retrieval of 
information, both about the accidental disturbances and the effect of the dominant factor, is used.

The chart of mean arithmetic value is developed on the basis of the sample data taken dur-
ing the period between two changes of the card-clothing wire. After determining and recording 
the mean arithmetic values of the individual samples on the chart, the approximating line М is 
drawn (Figure І.4.7).

0

x

1 2 3 4 5 6 7 8 9 10 11 12
Observation number

Specific
disturbances

Completed
adjustment

Mu

Ml

M
Ku

Kl

Process needs
adjustment

Figure I.4.7. /x R chart with a 
 “moving average”.

Parallel to the line М are drawn the limits Мl and Мu, located at a distance of 2A R⋅  from the 
line. If a value falls outside these limits, this is a signal for the occurrence of specifi c distur-
bances in the process. The horizontal lines Kl and Ku are also recorded on the chart and they are 
determined in accordance with the following:

 , 2 ,
2u l
x

K x A R
Δ⎛ ⎞= ± +⎜ ⎟⎝ ⎠

 (І.4.12)

where xΔ  is the change in the mean values for the studied period. If the mean value falls outside 
these limits, this is a signal that it is necessary to adjust the settings or replace the tool.

The range chart is the same as in the preceding case.

� /x R CONTROL CHART

The chart is similar to the /x R  chart but the median is used for the estimation of the center of 
the grouped results and its determination is much easier.
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When working with these types of charts it is recommended that the number of measure-
ments is an odd number. If the measurements are an even number, the median is determined 
as the mean arithmetic values of the two central values. The median value ix�  is determined for 
every sample. The mean median is determined on the basis of the median values:
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The control limits are determined according to the formulae given in Table І.4.6.

Table І.4.6. Calculation of the control limits for /x R�  control chart

Type of chart

Control limits

CommentAccording to test data
According to standardization 

requirements

x� 5uK x A R= + ⋅�

5lK x A R= − ⋅�

( )60.8 / 2u uK T A T= −

( )60.8 / 2l lK T A T= +

R
4uK D R= ⋅

3lK D R= ⋅

2 0uK D S= ⋅

1 0lK D S= ⋅
When n ≤ 6

Kl = 0

The mean value of the median and the control limits is recorded on the chart. The range 
chart is calculated in the same way as for the /x R chart.

The standard deviation of the median is

 ,
2

p=�x
S

S
n

 (І.4.14)

that is, with 2 1.25p =  being bigger than the mean arithmetic value. Since the variance of the 
median is 25% higher, the control limits are wider (А5 > А2), which results in less effective 
control.

CONTROL CHART FOR PRACTICAL LIMITS

This chart is designed for statistical regulation of parameters with normal distribution and a 
two-sided tolerance fi eld with limits Тu and Тl. Typically in this chart, the control limits change 
in a dynamic way because they are calculated on the basis of the practical limits of dispersion. 
They are determined for each sample in accordance with its size n and probability g for the 
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inclusion of a certain percentage Р of the values of the measured parameter in the control limits. 
The control limits Тu,i and Тl,i are calculated according to the following formulae:

 ,u i i iK x K S= + ⋅  (І.4.15)

 , ,l i i iK x K S= − ⋅  (І.4.16)

where K is a coeffi cient dependent on n, g, and Р.

It can be taken from tables or determined with the help of Student’s t-distribution t(g, n − 1), 
which refl ect the probability g for inclusion of a given percentage of the values of the measured 
parameter in certain limits:

 t
K

n
=  (І.4.17)

Р and g are most often assumed to equal 0.90, 0.95, and 0.99.
For each sample, on the control chart are recorded the points ,ix  , ,u iK  and , ,l iK  the limits 

Тu and Тl, and the median Тм of the tolerance fi eld (Figure І.4.8).

Observation number
1 2 3 4 5 6 7 8 9 10

Ku,i

Tu

Tl

TM

xi

Kl,i

Figure I.4.8. Control chart for practical limits.

The location of points ,u iK  and ,l iK  serves as a basis for the dispersion and the location of points 
ix  as the basis for the adjustment of the process. 

The controlled process is considered to be statistically manageable and capable when, 
 during a given period of time, corresponding to more than fi ve consecutive samples, the points 

,u iK  and ,l iK  are located in the tolerance fi eld between Тu and Тl.
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CONTROL CHART FOR THE INDIVIDUAL AND ABSOLUTE VALUES OF THE 

SEQUENTIAL DIFFERENCES 1/ | |i i ix x x +−

This type of control chart is applicable in the production of small batches. The sequential 
 differences are determined by |x1 – x2|, |x2 – x3|, and so on. The mean of the individual values 
and the range are determined according to the following formulae:
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 (І.4.19)

where k is the number of individual values. The control limits are determined according to 
Table І.4.7, and the coeffi cients according to Table І.4.3 when n = 2. 

Table І.4.7. Calculation of the control limits for control chart for the individual and absolute 
values of the sequential differences

Type of chart

Control limits

CommentAccording to test data
According to standardization 

requirements

xi
23 /uK x R d= +

23 /lK x R d= −
03u uK T S= −

03l lK T S= +
n = 2

|xi – xi+1|
4uK D R= ⋅

3lK D R= ⋅

2 0uK D S= ⋅

1 0lK D S= ⋅ n = 2

For control of the manufacturing process for the production of small batches, the following 
types of control charts can be used:

• chart for small batches of similar products; and
• chart for small batches with different distribution characteristics.

CONTROL CHARTS FOR BATCHES OF SIMILAR PRODUCTS

Very often a certain machine is used for the consecutive production of small batches of similar 
products. For example, a spinning machine could be used for the production of yarns with 
linear density of 20 and 25 tex or a knitting machine could make products of different sizes. In 
this case, it is more appropriate to use relative deviations instead of absolute values, that is, the 
control charts for mean value are designed according to a zero mean line. 
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The procedures for the design of these charts are identical with those for classical charts. 
The difference is that the limits of the different batches of the products are recorded on the 
control charts.

Batch 1 Batch 2 Batch 3

Date Sample

0 2 4 6

R

x – x=–

8 10 12 14 16 18 20 22 24 26

Batch 4

Ku

Kl

00

Ku

Figure I.4.9. Control charts for batches of similar products.

The sequence in the design of charts is the following:

1. The mean value x  of the controlled parameter is determined for every sample. The mean 
line on the control chart is marked as zero (Figure І.4.9).

2. The mean value is determined for every sample with size n and the differences are 
recorded on the chart as .Δ = −x x x  The values for the sample range are recorded on 
the range chart.

3. The control limits are determined. For the mean values chart: , 2 .= ±u lK A R  For the range 
chart: 4 .=uK D R

4. The limits for the individual batches are recorded distinctly on the control limits 
( Figure І.4.9).
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CONTROL CHARTS FOR SMALL BATCHES WITH DIFFERENT DISTRIBUTION 

CHARACTERISTICS

Very often, the batches differ not only in terms of the mean value but also in terms of the degree 
of variance. This is typical for such cases when the difference in the mean values is big or when 
one and the same product is made from different materials. For example, when there is a big 
difference in the linear density of the yarn, the deviations in the absolute values are also big. At 
the same time, yarns with the same linear density but made from cotton or polyester fi bers have 
a different variance, that is, the control limits of the range should be different. This requires a 
transformation of the regular /x R charts. For regular charts, the values of x  should fall within 
the following limits

 2 2 .− < < +x A R x x A R  (І.4.20)

If x  is subtracted and the equation is divided by 3, the result is the following equivalent 
 equation:

 2 2.
−

− < <
x x

A A
R

 (І.4.21)

Thus, the permanent control limits ± А2 can be recorded on the control chart for the mean 
 values. Such a transformation can be made for each batch. 

In a similar manner, the inequality for the range:

 3 4D R R D R< <  (І.4.22)

can be transformed into:

 3 4 ,< <
R

D D
R

 (І.4.23)

which allows the determination of constant control limits for the range that are defi ned by the 
coeffi cients D3 and D4.

The control charts of this type are designed according to the following algorithm:

1. The mean value x  is determined for every batch. It can be determined on the basis of a 
preliminary investigation; when such information is not available or is insuffi cient it can 
be determined on the basis of the nominal value.

2. The mean value of the range R  is determined. When there is no reliable information 
about the mean value of the range, it is determined by selecting the desired value of the 
coeffi cient of process capability Ср:

 2 .
6

⋅=
p

T d
R

C
 (І.4.24)



48  •  TEXTILE PROCESSES

3. For each sample the value of −x x
R

 is determined and the resulting values are recorded on 

the “mean values” chart according to the zero line.
4. The control limits for the “mean values” ±А2 are determined.
5. For each sample, the ratio /R R  is determined and recorded on the range chart.
6. The control limits for the range, D3 and D4, are determined.
7. The limits between the separate batches are recorded. 

In cases of small batches, the classical control charts can also be used but instead of the mean 
values of the individual samples, the individual values are recorded. 

The variance of singular values S is higher than the variance of the mean values S
n

 
( Figure I.4.10). It is a special case when n = 1.

Several other charts are applicable in the textile practice on the basis of the specifi c features 
of the production process.

CONTROL CHARTS FOR GROUP VALUES (i-CHARTS)

They are used when several measurements are made for one sample, for example, in the control 
of the linear density of the yarn. The equality of the mean values and the variances should be 
made in advance (according to Student’s and Fisher criteria). The resulting values are recorded 
one above the other and it should be observed whether some of the points do not fall outside the 
limits of the confi dence interval (Figure I.4.11).

The confi dence interval is determined in the same way as for the chart for individual  values. 
The i-chart is a chart for primary data and the chart for the individual values is a special case of 
this chart when n = 1.

CONTROL CHARTS FOR EXTREME VALUES (k-CHARTS)

They are a special case of the group value charts. From the resulting n values, the only ones 
that are recorded are the two extreme values—xmin and xmax. Since they fall within the control 

Figure I.4.10. Control charts for small batches with different  distribution 
characteristics.

1

t. s
t. s

2

t . S
n

x, x
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limits, it infers that the other values also fall within them. For better clarity the points are joined 
together with broken lines (Figure I.4.12). The control limits are calculated in the same way as 
for the group values.

Figure I.4.11. Control charts for group values.

110
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Figure I.4.12. Control charts for extreme values.
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Example

Determine the control limits for the main statistical estimates of the linear density of cotton 
sliver. Five measurements have been made in a period of 20 days and the linear density has 
been recorded in Nm. For facilitation, the values have been multiplied by 1000, that is. when 
the measured value has been Nm 0.254, the value recorded in the table is 254. The data from 
the measurements is represented in Table І.4.8, columns (2)–(6).

(Continued)
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Table І.4.8. Data and statistical estimates for the example

Observation 
day Values x S R �x

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)

1 254 252 250 252 256 252.8 2.28  6 252
2 258 258 256 256 252 256 2.45  6 256
3 256 250 252 254 252 252.8 2.28  6 252
4 252 246 252 258 254 252.4 4.34 12 252
5 244 250 246 254 248 248.4 3.85 10 248
6 248 246 258 254 254 252 4.90 12 254
7 252 254 252 250 252 252 1.41  4 252
8 252 256 252 256 250 253.2 2.68  6 252
9 248 256 258 252 252 253.2 3.90 10 252

10 260 258 260 250 252 256 4.69 10 258
11 254 256 250 246 252 251.6 3.85 10 252
12 251 247 240 244 244 245.2 4.09 11 244
13 250 248 250 244 248 248 2.45  6 248
14 258 254 263 254 250 255.8 4.92 13 254
15 254 258 248 252 252 252.8 3.63 10 252
16 250 252 244 250 252 249.6 3.29  8 250
17 252 250 252 246 248 249.6 2.61  6 250
18 250 250 252 252 250 250.8 1.10  2 250
19 254 260 252 270 272 261.6 9.10 20 260
20 250 250 276 276 276 265.6 14.24 26 276

Mean values 252.97 4.10  9.7 253.2

In columns (7), (8), (9), and (10) are calculated the mean value, the standard deviation, the 
range, and the median, respectively, of the results for different days.

CALCULATION OF /x S CONTROL CHART

The control limits for the mean values are determined according to the formulae given in 
Table І.4.2:

For the lower limit: 3 252.97 1.427 4.1 247.116;lK x A S= − ⋅ = − × =

For the upper limit: 3 252.97 1.427 4.1 258.824.uK x A S= + ⋅ = + × =



PART I: STATISTICAL PROCESS CONTROL AND CONTROL CHARTS  •  51

It should be checked if there are mean values that fall outside the set limits. Three cases fall 
outside the set limits: Day number 12, under the set lower limit, and Day numbers 19 and 20, 
above the set limit (Figure I.4.13).

Figure I.4.13. x -chart during its calculation.
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The limits are calculated again and the quoted values are excluded. The new values of the mean 
of the mean values and the mean standard deviation are 252.176x =  and 3.21S =  and the 
new control limits are:

For the lower limit: 3 252.176 1.427 3.21 247.592;lK x A S= − ⋅ = − × =

For the upper limit: 3 252.176 1.427 3.21 256.761.uK x A S= + ⋅ = + × =

When the limits are calculated in this manner, there are no cases of values that fall outside 
them and therefore, it can be inferred that these are the fi nal values of the control limits for the 
mean value.

In a similar manner the control limits for the standard deviation are calculated by excluding 
the cases that have already been excluded in the determination of the control limits for the mean 
value (Day numbers 12, 19, and 20).

For the lower limit: 3 0 3.21 0;lK B S= ⋅ = × =

For the upper limit: 4 2.089 3.21 6.71.uK B S= ⋅ = × =

These limits for the standard deviation are fi nal since there are no cases that fall outside 
them. The /x S  control chart is drawn with the help of the already calculated control limits 
( Figure I.4.14).
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Figure I.4.14. Final /x S chart for the example.
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CALCULATION OF THE /x R CONTROL CHART

The calculation of the control limits for the mean value and the range is done according to 
Table I.4.5. For the mean value, the control limits are:

For the lower limit: 2 252.97 0.577 9.7 247.37;lK x A R= − ⋅ = − × =

For the upper limit: 2 252.97 0.577 9.7 258.57.uK x A R= + ⋅ = + × =

Again, several cases fall outside the calculated limits—Day numbers 12, 19, and 20. The 
adjusted limits are as follows:

For the lower limit: 2 252.176 0.577 8.06 247.53;lK x A R= − ⋅ = − × =

For the upper limit: 2 252.176 0.577 8.06 256.83,uK x A R= + ⋅ = + × =

and after the abovementioned cases are disregarded, 8.06.=R  These are fi nal since there are 
no cases that fall outside them. 
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In regard to the range, the control limits are:

For the lower limit: 3 0 8.06 0;lK D R= ⋅ = × =

For the upper limit: 4 2.114 8.06 17.04.uK D R= ⋅ = × =

These are also fi nal. They serve as a basis for drawing the control charts presented in 
 Figure I.4.15.
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Figure I.4.15. Final /x R control chart for the example.

In a similar manner, the other types of control charts can be calculated and drawn.

Control Charts for Qualitative Indicators

In numerous cases, the values of the controlled parameter can only be measured in a  qualitative 
and not in a quantitative manner. For example, presence/absence of a defect, good for sale/
defective. In order to implement current statistical control, the so-called control charts for 
immeasurable (qualitative) indicators are used in these cases. In comparison with the charts 
for quantitative indicators, these are simpler and can be used to control several parameters and 
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the costs for control, design, and fi lling in are signifi cantly lower. Along with these advantages, 
they have several disadvantages: they are less sensitive to the changes in the technological pro-
cesses and provide less information. 

There are four types of control charts for qualitative indicators:

• control chart for the relative number of defective products (р-chart);
• control chart for the number of defective products (nр-chart);
• control chart for the number of defects (с-chart); and
• control chart for the relative number of defects (u-chart).

CHART FOR THE RELATIVE NUMBER OF DEFECTIVE PRODUCTS (p-CHART)

The chart is based on the calculation of the relative number of defective products in the sample:

 .i
i

i

f
p

n
=  (І.4.25)

where fi is the number of defective products,
ni is the number of the products in the sample.

The difference in the size of the samples should not be higher than 25% and the minimum 
sample size is determined according to the following condition:

 min
4

n
p

≥  or (І.4.26)

 min
4

.n
AQL

≥  (І.4.27)

where p  is the mean arithmetic value of the relative number of defective products and defi nes 
the location of the central line on the chart. It is determined as follows:
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where m is the number of samples.

The number of samples should not be less than 20, and in order to set the control charts 
correctly, the size of the samples should be big enough—approximately 100–200 products. The 
control limits are calculated according to the formulae given in Table I.4.9, the mean size of the 
sample being:

 1 2 .
+ + += � mn n n

n
m

 (І.4.29)
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When calculating the control limits according to the standardization requirements, the AQL 
is taken into consideration. The standardization requirements are compatible with the accu-
racy capabilities of the process, if AQL p≥  and the statistical regulation of the technological 
process is easy to implement. The standardization requirements are diffi cult to achieve when 

.AQL p<  In this case it is necessary to improve the processes.

Table I.4.9. Calculation of the control limits for p-chart

Type of chart

Control limits

According to test data
According to standardization 

 requirements

р-chart

(1 )
3u

p p
K p

n

−
= +

(1 )
3l

p p
K p

n

−
= −

(1 )
3u

AQL AQL
K AQL

n

−
= +

(1 )
3l

AQL AQL
K AQL

n

−
= −

The calculated mean line and the control limits are recorded on the control chart 
( Figure I.4.16).

n

Sample

p

Ku

Kl

p–

0 1 2 3 4 5 6 87 9 10 11 12 13 14 15 16 17 18

f
p

Figure I.4.16. p-chart.

If the control is 100% then the control limits are calculated everyday on the basis of the volume 
of the daily production ni:

 (1 )
3 ,u

i

p p
K p

n

−
= +  (І.4.30)
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 (1 )
3 .l

i

p p
K p

n

−
= −  (І.4.31)

In this case the control limits are not straight but broken lines (Figure I.4.17).

1

1

2

3

4

5

6
p(%)

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
Samples

Figure I.4.17. p-chart in the case of 100% control.

CHART FOR THE NUMBER OF DEFECTIVE PRODUCTS (np-CHART)

The control nр-charts resemble the р-charts, but for them it is necessary that the number of 
samples, n, is the same as the actual number of defective products, fi, in the sample is recorded 
on the chart. The control limits are calculated according to the formulae given in Table I.4.10 
where the mean defectiveness of the products in the samples is

 1 2 .
+ + += � mf f f

f
m

 (І.4.32)

Table I.4.10. Calculation of control limits for np-chart

Type of chart

Control limits

According to test data
According to standardization 

 requirements

nр-chart
3 (1 )uK np np p= + −

3 (1 )lK np np p= − −

3 (1 )uK nAQL nAQL AQL= + −

3 (1 )lK nAQL nAQL AQL= − −
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If the resulting value for the lower limit is negative then the lower limit is assumed to 
be zero.

CONTROL CHART FOR THE NUMBER OF DEFECTS (c-CHART)

The p- and nр-charts are used for the control of the percentage (part) of defective products. 
The c- and u-charts are used to control the number of defects in a group of products (a batch), 
in one product, or in a preselected notional unit (the number of defects in a roll of fabric, the 
number of neps in 1g fl or, the number of neps in 1000 m yarn, the number of defects in a batch 
of 50 suits). The c-chart is used when the number of products in the batch is one and the same. 
The control limits are calculated according to the formulae given in Table I.4.11, where c  is the 
mean number of defects. 

Table I.4.11 Calculation of control limits for c-chart

Type of chart

Control limits

According to test data
According to standardization 

requirements

c-chart
3uK c c= +

3lK c c= −

3uK AQL AQL= +

3lK AQL AQL= −

The acceptable level of defectiveness is given in the number of defects, n, per unit of pro-
duction or the number of defects per unit of length, area, or volume. The control limits of 
the с-charts are rounded down to a whole number since the number of defects can only be a 
whole number. 

CONTROL CHART FOR THE RELATIVE NUMBER OF DEFECTS (u-CHART)

The u-chart is used when the number of products in the different batches is different and they 
should be reduced to a unit of production:

 .= i
i

i

c
u

n
 (І.4.33)

The control limits are calculated according to the formulae given in Table I.4.12 where u  
is the mean number of defects in a unit of production/notional unit, and n is the mean size 
of the  samples. The acceptable level of defectiveness is given in number of defects per unit of 
 production.

Figure I.4.18 gives examples of с- and u-charts.
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Table I.4.12. Calculation of control limits for u-chart

Type of chart

Control limits

According to test data
According to standardization 

 requirements

u-chart
3u

u
K u

n
= +

3l
u

K u
n

= −

3u
AQL

K AQL
n

= +

3l
AQL

K AQL
n

= −

Sample
0

4

3

2

1

0

0.8

0.6

0.4

0.2
0

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Sample

u-chart

c-chart

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Figure I.4.18. с- and u-charts.

Example

Design a control chart for controlling the defectiveness in a textile factory. A research has 
been carried out over a period of 25 days and the data about the products made, ni, and the 
defective products, xi, is given in Table I.4.13.

(Continued )



PART I: STATISTICAL PROCESS CONTROL AND CONTROL CHARTS  •  59

In column 3 is the calculated percentage of defective products, pi, for each day. The 
mean percentage of defective products 3.79%p =  and the mean number of products made 

1573.2n =  are determined.

Table I.4.13. Calculation of control limits for p-chart

Observation 
day number ni xi pi Ku Kl Ku Kl

(1) (2) (3) (4) (5) (6) (7) (8)

 1  837  21 2.51 5.77 1.81 5.68 1.76
 2 1540  67 4.35 5.25 2.33 5.17 2.27
 3 1455  55 3.78 5.29 2.29 5.21 2.23
 4 1230  30 2.44 5.42 2.16 5.34 2.10
 5 1814  88 4.85 5.14 2.44 5.05 2.39
 6 2151  91 4.23 5.03 2.55 4.94 2.50
 7 2032  76 3.74 5.06 2.52 4.98 2.46
 8 2094  67 3.20 5.04 2.54 4.96 2.48
 9 1973  58 2.94 5.08 2.50 5.00 2.44
10 1823  66 3.62 5.13 2.45 5.05 2.39
11 2093  96 4.59 5.04 2.54 4.96 2.48
12 1536  82 5.34 5.25 2.33 — —
13 1314  41 3.12 5.37 2.21 5.29 2.15
14 1756  46 2.62 5.16 2.42 5.07 2.37
15 1628  37 2.27 5.21 2.37 — —
16  954  46 4.82 5.64 1.94 5.56 1.88
17  881  37 4.20 5.72 1.86 5.63 1.81
18 1136  41 3.61 5.49 2.09 5.40 2.04
19 1546  47 3.04 5.25 2.33 5.16 2.28
20 1338  36 2.69 5.36 2.22 5.27 2.17
21 1095  54 4.93 5.52 2.06 5.44 2.00
22 1959 103 5.26 5.08 2.50 — —
23 1850  91 4.92 5.12 2.46 5.04 2.40
24 1813  68 3.75 5.14 2.44 5.05 2.39
25 1482  59 3.98 5.28 2.30 5.19 2.25

The upper and lower control limits for the p-chart are calculated according to the formulae 
given in Table I.4.9 (the np-chart is not applicable as the number of products made each day 
is different).

(Continued )



60  •  TEXTILE PROCESSES

Upper control limit:

(1 ) 0.0379(1 0.0379)
3 0.0379 3 0.0524 5.24%

1573.2u
p p

K p
n

− −
= + = + = =

The limits could also be calculated directly in percentage.

Lower control limit:

(100 ) 3.79(100 3.79)
3 3.79 3 2.35%

1573.2l
p p

K p
n

− −
= − = − =

Cases 12, 15, and 22 fall outside the control limits. They are taken out and the new 
control limits are calculated on the basis of the new mean percentage of defective products 

3.72%p =  and the mean number of products made— 1554.9.n =

Upper control limit:

(100 ) 3.72(100 3.72)
3 3.72 3 5.17%

1554.9u
p p

K p
n

− −
= + = + =

Lower control limit:

(100 ) 3.72(100 3.72)
3 3.72 3 2.28%

1554.9l
p p

K p
n

− −
= − = − =

These control limits are fi nal, since there are no cases that fall outside them. The control 
chart is represented in Figure I.4.19.

p-chart
6.00

5.00

4.00

3.00

2.00

1.00
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22

Figure I.4.19. Final version of the p-chart for the example.

(Continued )
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If the control is not going to be a sample control but a 100% control, the control limits 
should be calculated according to formulae (І.4.30) and (І.4.31). The calculated values for the 
upper limits are entered in column 5 of Table I.4.13 and for the lower limits in column 6. As 
expected, cases 12, 15, and 22 fall outside the control limits. The values calculated after they 
have been taken out for the upper and lower limits are given, respectively, in columns 7 and 8. 
There is no case that falls outside the resulting values which allows for the drawing of the 
 control chart, represented in Figure I.4.20.

p-chart (100% control)

6.00

5.00

4.00

3.00

2.00

1.00

0.00
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22

Figure I.4.20. p-chart for 100% control for the example.

Example

On the basis of 15 samples, each consisting of 5 products, design the control charts for the 
number of defects and their relative number per unit of production. 

The number of established defects for every sample is given in column (2) in Table I.4.14.

The number of defects per unit of production ic
i nu =  (n = 5) is calculated in column (3).

The formulae from Table I.4.11 are used to determine the control limits for the number of 
defects after the mean number of defects have already been established:

15

1 23
1.53

15

i

i

c

c
m

== = =
∑

 defects per sample.

Upper control limit:

3 1.53 3 1.53 5.25uK c c= + = + =

It is assumed that 5.uK =

(Continued )
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Table I.4.14. Number of established 
defects for the samples

Sample 
number сi ui

(1) (2) (3)

 1 3 0.6
 2 2 0.4
 3 1 0.2
 4 2 0.4
 5 6 1.2
 6 1 0.2
 7 3 0.6
 8 2 0.4
 9 0 0
10 0 0
11 0 0
12 0 0
13 0 0
14 1 0.2
15 2 0.4

Lower control limit:

3 1.53 3 1.53 2.18.lK c c= − = − = −

It is assumed that 0.lK =
The results of sample number 5 fall outside the control limits and therefore it is taken 

out and they are calculated anew. The mean number of defects for the other 14 samples is 
1.21.c =
The new control limits are:

Upper control limit:

3 1.21 3 1.21 4.52.uK c c= + = + =

It is assumed that 4.uK =

(Continued )
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Lower control limit:

3 1.21 3 1.21 2.09.lK c c= − = − = −

It is assumed that 0.lK =
These limits are fi nal. The controlled limits for the u-chart are calculated in a similar 

way. The formulae from Table I.4.12 are used where:

15

1
15

1

23
0.307

15 5

i

i

i

i

c

u

n

=

=

= = =
×

∑

∑
 defects per product.

Upper control limit:

0.307
3 0.307 3 1.05

5u
u

K u
n

= + = + =

Lower control limit:

0.307
3 0.307 3 0.80.

5l
u

K u
n

= − = − = −  It is assumed that 0.lK =

After sample number 5 is dropped out, the new mean value is 0.243u =  defects per product 
and the new control limits are:

Upper control limit:

0.243
3 0.243 3 0.904.

5u
u

K u
n

= + = + =

Lower control limit:

0.243
3 0.243 3 0.75.

5l
u

K u
n

= − = − = −  It is assumed that 0.lK =

These control limits are fi nal.
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I.5. CORRELATION ANALYSIS

The preceding sections reviewed mass events (populations, distributions, and respectively, 
 statistical estimates) of only one indicator. In practice, however, it is very often necessary to 
study mass events under several indicators, for example, under х and у. In this case a system 
of two random variables is present. The combined study of these indicators is of interest espe-
cially when there is a certain cause-and-effect relationship between them, that is, when the fi rst 
 indicator affects the second one and changes its characteristics in a certain way. 

In the area of exact natural science, each value of a certain property (variable) x cor-
responds to a specifi c value of another property (variable) y. In the textile practice, however, 
most often the dependency between the two properties is not exactly a functional, but a statis-
tical one. This means that the total statistical population of y corresponds to a specifi c value 
of x and, vice versa, a specifi c value of y corresponds to the total statistical population of x 
(Figure I.1.9).

The correlation theory studies the correlation dependencies and, more specifi cally, it is 
used to defi ne the power of dependency between the causing event and the resulting event, 
and respectively, to what extent this dependency approaches the functional one. There are dif-
ferent methods for calculating the qualitative characteristics for the power of the correlation 
dependency (linear correlation, correlation relationship, and so on). The method is selected in 
accordance with the following factors:

• How are the cause-and-effect–bound indicators of the studies events expressed—in a 
descriptive or qualitative way;

• How is the data is presented—is it ungrouped or grouped;
• What is the nature of the cause-and-effect relationship that has to be established—is 

itlinear or nonlinear dependency;
• What is the number of reasons for which the researcher needs to establish the effect 

on the consequence—using simple correlation and multiple (double, triple, and so on, 
respectively specifi c) correlation.

Typical examples for the application of the correlation theory in the textile practice are the 
establishment of relationship between the length and the fi neness of the fi bers, the fi neness and 
the specifi c mechanical indicators (e.g., breaking strength) between the properties of the fi bers 
and those of the yarns, respectively the fabrics, between the moisture content and the breakage 
in spinning and weaving, between the strength and the elasticity, between the friction resistance 
and wearing out resistance (in test wearing), between the warp tension and the breakage in 
weaving, between the speed of the spindles, looms, and so on, and the breakage, between the 
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component composition and the breakage, respectively the physical–mechanical properties of 
the yarns and fabrics, and so on.

COEFFICIENT OF LINEAR CORRELATION

When there is expected linear dependency and there are at least three couples of values for x 
and y, the coeffi cient for linear correlation, rху , is calculated:

 

( ) ( )

( ) ( )

1

2 2

1 1

,

n

i i

i
xy n n

i i

i i

x x y y

r

x x y y

=

= =

⎡ ⎤− −⎣ ⎦
=

− ⋅ −

∑

∑ ∑
 (I.5.1)

where  x  is the mean arithmetic value of the measurements for the variable x,                                                                     
y  is the mean arithmetic value of the results from the measurements of the variable y, 
n is the number of tests.

The coeffi cient of linear correlation determines the strength and the direction of the impact 
between the random variables and it can have values within the [−1; 1] interval. The signifi cance 
of its value is clarifi ed in Section I.1, in parameters and numerical characteristics of the random 
 variable. The signifi cance of the coeffi cient of linear correlation is checked with the help of 
Student’s criterion, the accountable value being determined according to the following formula:
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2
.

1

xy
R

xy

r n
t

r

−
=

−
 (I.5.2)

The resulting value is checked against the table value, determined under the condition: 

, 2 .
2Tt f n
a⎛ ⎞= −⎜ ⎟⎝ ⎠

 The coeffi cient of linear correlation is of signifi cance if .R Tt t>  Otherwise, 

even if the absolute value is high, it is insignifi cant.

COEFFICIENT OF DETERMINATION, ANTICORRELATION, 
AND INDETERMINATE COEFFICIENTS

For characterization of the correlations dependencies in mathematical statistics, other 
 estimates can also be used such as coeffi cient of determination, anticorrelation coeffi cient, and 
 indeterminate coeffi cient. 

• The coeffi cient of determination shows what percentage of changes in the random 
 variable y is due to changes in the variable x:

 
2

0 100 .xyR r=  (I.5.3)
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• The coeffi cient of anticorrelation characterizes the absence of a link between variable y 
and variable x:

 
2

0 1 .xyK r= −  (I.5.4)

• The indeterminate coeffi cient shows what percentage of the changes in y is not due to 
changes in x:

 
2

0 100 100 .◊= = −S K R  (I.5.5)

Example

Ten tests have been conducted in order to determine the strength x (N) and the elasticity y 
(%) up to yarn breakage. Find a proof if there is a statistically proven relationship between 
those two indicators. The data from the measurements is given in Table I.5.1 (columns 1–3).

Table I.5.1. Data and calculation of the linear correlation coeffi cient

  Test number xi yi ( )−ix x ( )−iy y ( )( )− −i ix x y y 2( )−ix x 2( )−iy y

(1) (2) (3) (4) (5) (6) (7) (8)

1 7.29  7.83 −0.716 −1.234  0.884 0.513 1.523
2 8.20  9.31  0.194  0.246  0.048 0.038 0.061
3 8.75 10.00  0.744  0.936  0.696 0.554 0.876
4 7.73  8.28 −0.276 −0.784  0.216 0.076 0.615
5 8.46 10.00  0.454  0.936  0.425 0.206 0.876
6 7.05  7.40 −0.956 −1.664  1.591 0.914 2.769
7 7.80  9.18 −0.206  0.116 −0.024 0.042 0.013
8 8.37  9.55  0.364  0.486  0.177 0.132 0.236
9 8.42  9.53  0.414  0.466  0.193 0.171 0.217

10 7.99  9.56 −0.016  0.496 −0.008 0.000 0.246
 Σ =  4.198 2.647 7.432

The mean value of the strength is 8.006 N,x =  the mean value of the elasticity is 9.064%.y =  
The value of the linear correlation coeffi cient is determined according to  formula (I.5.1), the 
auxiliary amounts are calculated in columns 4–8:

4.198
0.95.

2.947 7.432
= =

×xyr

(Continued)
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CORRELATION IN CASE OF ALTERNATIVE INDICATORS—
THE FOUR-FIELD METHOD

Often the cause and effect cannot be presented in a numerical way but only in a descriptive one, 
with the help of alternatives. For example, the manufactured production could be standard or 
nonstandard, the staff qualifi ed or nonqualifi ed. In these cases the degree of causal dependency 
can be determined with the help of the four-fi eld method. The following formula is used:

 
,

( ) ( ) ( ) ( )

a d b c
K

a b c d a c b d

⋅ − ⋅
=

+ ⋅ + ⋅ + ⋅ +  (I.5.6)

where а, b, c, and d are the number of the cases for the separate combinations of the cause-and-
effect options. 

The signifi cance of the linear correlation coeffi cient is checked with the help of the 
 Student’s criterion, the accountable value being determined by following formula (I.5.2):

2

0.95 10 2
8.60.

1 0.95
Rt

−
= =

−

The resulting value is checked against the table value, determined under the following 
 conditions:

0.025, 10 2 8 2.75.
2Tt f
a⎛ ⎞= = − = =⎜ ⎟⎝ ⎠

The coeffi cient of linear correlation is of signifi cance since .R Tt t>  This means that between 
the strength and the elasticity up to the point of breakage, there is a strongly expressed (the 
value of the linear correlation coeffi cient is close to 1) and positive (the increase in the 
strength leads to increase in the elasticity up to the point of breakage of the yarn) statistical 
dependence. 

The coeffi cient of determination is determined according to formula (I.5.3):

2 2
0 100 100 0.95 90.25.xyR r= ⋅ = × =

The coeffi cient of anticorrelation is determined according to formula (I.5.4):

2 2
0 1 1 0.95 0.31.xyK r= − = − =

The indeterminate coeffi cient is determined according to formula (I.5.5):

2 2
0 0 0100 100 100 0.31 100 90.25 9.75.= ⋅ = − = × = − =S K R

(Continued)
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Table I.5.2. Quadruple table for calculation 
of the degree of the causal dependency

Х у1 у2 Sum

х1 a b (a + b)
х2 c d (c + d)
Sum (а + с) (b + d) (a + b + c + d)

Y

In order to facilitate the calculation of the coeffi cient K, the so-called quadruple table 
(Table I.5.2) is used, in which are entered the two possible alternatives of the cause, х1 and х2, 
and of the effect, у1 and у2. Index 1 is given for the desired (positive) option, for example, stan-
dard production, qualifi ed staff, and index 2 for the undesired (negative) option, for example, 
defective production, unqualifi ed staff. 

With а is indicated the number of cases when the combination х1у1 is present and with 
b the number of cases when the combination х1у2 is present, с is the number of cases for the 
 combination х2у1, and d is the number of cases for the combination х2у2.

It is accepted that the degree of dependence is weak when K ≤ 0.3, moderate when 0.3 ≤ K 
≤ 0.5, signifi cant when 0.5 ≤ K ≤ 0.7, big when 0.7 ≤ K ≤ 0.9, and extremely big when K ≥ 0.9. 
The accuracy of the established dependence is also determined by the number of observed cases.

The four-fi eld method can be applied not only for descriptive but also for quantitative indica-
tors. What is characteristic is that the calculated coeffi cient K does not contain the actual initial data 
(values) but only their frequency. Therefore, the estimation of the correlation dependence which is 
acquired with the help of the coeffi cient for linear dependency, rху, is much more accurate.

Example

In a textile plant, a total of 1000 products have been manufactured from high quality mate-
rials, of which 990 are I grade and 10 are II grade. A further 1000 products have been 
manufactured from low quality materials, of which 510 are I grade and 493 are II grade 
(Table I.5.3). Determine the degree of the causal dependency between the quality of the 
materials and the quality (grade) of the manufactured products.

Table I.5.3. Input table for calculation of the degree of the causal dependency 
for the example

Х I grade production II grade production Sum

High quality material  990  10 1000
Low quality material  510 490 1000
Sum 1500 500 2000

Y

(Continued )
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MULTIPLE AND PARTIAL CORRELATION

In textile practice it is very often the case that the event of the effect is affected by several 
causes, that is, there is an interdependence between three or more random variables. For exam-
ple, the strength up to the point of breakage of a yarn depends on the linear density of the fi bers, 
their length, the twist of the yarn, and so on; the breakage in spinning and weaving depends 
on the speed of the spindles, respectively the looms, but also on other parameters, such as the 
irregularity of the yarn. In these cases the method of multiple correlation is used, which allows 
an assessment as to what extent the combined effect of several factors, such as the length 
and the linear density of the fi bers affects the quality (strength up to the point of  breakage) 
of the yarn produced. At the same time it is possible to assess which of the two combined 
factors has a greater impact and to what extent on the event of the effect (strength up to the 
point of  breakage). This so-called correlation analysis is one of the most often used methods of 
 mathematical statistics that has a wide application in regression analysis.

This chapter will review only the coeffi cient of double correlation and the partial  coeffi cient 
of correlation in a case with three variables, and the general case of the multiple  correlation 
 coeffi cient. The relationship between the coeffi cient of correlation and the  regression  coeffi cients 
will also be reviewed in detail in the Regression analysis section. 

Let us examine the case when we try to determine the infl uence of two causes х and у on 
the effect z. The coeffi cient of double correlation is determined with the help of the following 
formula:
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( , ) 2
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,

1

xz yz xz yz xy
z x y
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r r r r r
R

r

+ −
=

−  (I.5.7)

where rхz, rуz, and rху , are t  he linear correlation coeffi cients, respectively, between х and z, у 
and z, and х and у. The coefficient of double correlation ( , )z x yR  is always positive and 
ranges between 0 and 1. When ( , ) 0,z x yR =  the variable z has no linear relationship 
with x and у. However, it is possible that there is some other (nonlinear) dependence. When 

( , ) 1,z x yR = there is a functional linear dependence between х, у, and z which is of the 
following type: z = a · x + b · y + c.

The partial coeffi cient of correlation is used when the aim is to establish the degree of 
 dependence of the effect on one of the causes by neglecting the infl uence of the other cause. For 

The coeffi cient K is determined according to formula (I.5.6):

990 490 10 510
0.551.

( ) ( ) ( ) ( ) 1000 1000 1500 500

a d b c
K

a b c d a c b d

⋅ − ⋅ × − ×
= = = +

+ ⋅ + ⋅ + ⋅ + × × ×

The value of the coeffi cient proves that there is a direct (+ sign) and signifi cant (K > 0.5) 
 dependence between the grade of the production and the quality of the raw material.

(Continued )
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example, what is the infl uence of the length of the yarn fi bers on the strength up to the point of 
breakage if the other factor (the linear density of the fi bers) does not change, or the opposite, the 
infl uence of the linear density of the fi bers if the impact of the length is neglected? The partial coef-
fi cients of correlation in case there are three variables are determined with the following formulas:

 
, 2 2(1 )(1 )

zx xy zy
zx y

zy xy

r r r
r

r r

− ⋅
=

− −
 (I.5.8)

and

 
, 2 2

,
(1 )(1 )

zy xy zx
zy x

zx xy

r r r
r

r r

− ⋅
=

− −
 (I.5.9)

where ,zx yr  determines the degree of dependency between х and z when у is neglected and 
,zy xr  is the degree of dependence between у and z when х is neglected. The partial coeffi cient 

of linear correlation has the same qualities as the classic coeffi cient of linear correlation rху and 
falls within the interval [−1; +1].

Example

Assess the dependence of the strength up to the point of breakage on the length of the fi bers 
and their linear density. The following values of the linear correlation  coeffi cients have been 
established in preliminary studies: between the length of the fi bers and the strength of the 
yarn, rхz = 0.8, between the linear density of the fi bers and the strength of the yarn, rуz = 0.85, 
and between the length of the fi bers and their linear density, rху = 0.75.

The coeffi cient of double correlation is determined with the help of formula (I.5.7):

2 2

( , ) 2

0.8 0.85 2 0.8 0.85 0.75
0.885.

1 0.75
z x yR

+ − × × ×
= =

−

Its value shows that there is a strong linear dependence between the length of the fi bers, their 
linear density, and the strength of the yarn they have been used for.

The partial coefficients of correlation are determined according to formulae 
(I.5.8) and (I.5.9):

, 2 2 2 2

0.8 0.75 0.85
0.466,

(1 )(1 ) (1 0.85 )(1 0.75 )
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r r r
r

r r

− ⋅ − ×
= = =

− − − −

, 2 2 2 2

0.85 0.75 0.8
0.397.

(1 )(1 ) (1 0.8 )(1 0.75 )

zy xy zx
zy x

zx xy

r r r
r

r r

− ⋅ − ×
= = =

− − − −

The resulting values for the partial coeffi cients of correlation show the strong infl uence of the 
interaction between the length and the linear density of the fi bers on the strength of the yarn.
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I.6. ANALYSIS OF VARIANCE

The analysis of variance (ANOVA) is one of the methods of mathematical statistics that has the 
widest fi eld of application. It is used to study the infl uence of one or more factors on a certain 
variable. The typical problems which can be solved with the help of ANOVA in textile practice 
are related to establishing the infl uence of a certain additive, adjusting, or another technical 
parameter on the properties of the fi nal product, for example, establishing the infl uence of the 
twist on the strength of the yarn.

SINGLE-FACTOR ANALYSIS OF VARIANCE

It is used to study the infl uence of the factor F on the property x. The factor, F, takes up 
k  number of levels, marked with Fi, and for every level of the factor n number of observations 
are conducted. The individual values from the measurements, xij, and the mean values for every 
level of the factor, ,ix  are entered in a table, the outline of which is given in Table I.6.1.

The mean value, ,x  of all tests is determined on the basis of the individual mean values, :ix

 1

1
.

k

i

i

x x
k =

= ∑  (I.6.1)

The sum total of the squares, Q, is determined:

 

( )2

1 1

,
= =

= −∑∑
k n

ij
i j

Q x x  (I.6.2)

which is expanded into two components:

 ,F eQ Q Q= +  (I.6.3)

where QF is the sum of the squares of the deviations between the groups of tests, Qе is the sum 
of the squares of the deviation inside the groups (residual sum).

The sum QF is determined as follows:

 

( )2
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= −∑
k

F i
i

Q n x x  (I.6.4)
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and is used to assess the infl uence of the factor, as it is determined by the deviations of the 
mean values for the individual levels of the factor and the common mean value. The sum Qе is 
calculated from the values of the individual tests and the mean values for the respective levels:

 

2

1 1

( ) .
= =

= −∑∑
k n

e ij
i j

Q x x  (I.6.5)

It characterizes the infl uence of the random errors. 
From the sums estimated in that way (between the groups, in the groups, and the total sums) 

the variances 2 ,FS  2 ,eS  and  are determined (Table I.6.2), taking into account the degrees of 
freedom. 

With their help, through Fisher’s criterion, the infl uence of the factor on the studies  property 
can be assessed:
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=  (I.6.6)

If FR > FT , it is accepted that the factor has an infl uence on the studied property and if 
FR ≤ FT , it does not infl uence it.

Table I.6.1. Input table for single-factor ANOVA

           Test
Factor 1 2 3 ... n ix

F1 x11 x12 x13 … x1n 1x

F2 x21 x22 x23 … x2n 2x

… … … … … … …

Fk xk1 xk 2 xk 3 … xkn kx

Table I.6.2. Formulae for single-factor ANOVA in tabular form

Variance 
components

Sum of the 
squares Degrees of freedom Variances FR FT

Between groups QF f1 = k – 1 2

1
F

F
Q

S
k

=
−

2

2
F

e

S

S
f1, f2, α

In groups Qe f2 = k (n – 1) 2

( 1)
e

e
Q

S
k n

=
−

Total Q f = 1◊ −k n 2

1◊
=

−
Q

S
k n
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Example

A number of yarns have been spun from wool/rayon blend with different  proportions of the 
two components in order to study the infl uence of the factor “rayon  content” on the yarn 
strength. Six different variants have been manufactured and for each variant a total of eight 
measurements of the yarn strength have been made (in cN). The results have been summa-
rized in Table I.6.3—columns (1–9). Determine whether the change in the proportion of the 
components has an infl uence on the yarn strength.

Table I.6.3. Measured values of the yarn strength

            Measurement
                  number 
Proportion 1 2 3 4 5 6 7 8 ix 2

iS

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11)

   40:60 100 141 147 126 133 101 148 128 128 353.14
45:55  93 120 123 105 109 103 130 143 115.75 265.36
50:50 101  87  88 105  93 102  73  94  92.875 107.27
55:45 127  83  80  87  96 109  68  97  93.375 337.98
60:40 111  84  83  96  83  90 101  64  89 200.00
65:35  69  86  80  82  80  99  81  71  81  85.14

Column (10) shows the calculated mean values for the different variants (groups) and 
column (12) shows the variances in the groups. The common mean value is 99.33x =  cN. 
The different components of the variance are determined according to formulae (I.6.4) and 
(I.6.5) and the accountable value of Fisher’s criterion is determined according to formula 
(I.6.6). The resulting values are given in Table I.6.4.

Table I.6.4. Calculation of the variance components for the example

Variance components Sum of the squares Degrees of freedom Variances FR FT

Between groups 12869.75 f1 = 6 – 1 = 5 2573.95 11.45 2.44
In groups  9442.25 f2 = 6 × (8 – 1) = 42  224.82
Total 22312 f = 6 × 8 – 1 = 47  474.72

As FR = 11.45 > 2.44 = FT (f1 = 5, f2 = 42, α = 0.05), the differences in the mean values 
for the individual groups are signifi cant and, therefore, the studied factor “rayon content” 
infl uences the strength of the studied yarn.

MULTIFACTOR ANOVA

The multifactor analysis of variances is used when the infl uence of more than one factor is 
 studied. The two-factor ANOVA has the widest scope of application. It determines the infl uence 
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of two factors А and В on the studied indicator. The number of levels for factor А is marked with 
l, and k marks the number of levels for factor В. For every combination between the levels of 
the factors А and В are conducted n number of measurements and the mean values are recorded 
in Table I.6.5.

Table I.6.5. Input table for multifactor ANOVA

       А
В А1 А2 ... Аl 0ix

B1 11x 12x … 1lx 10x

B2 21x 22x … 2lx 20x

… … … … … …
Bk 1kx 2kx … klx 0kx

0 jx 01x 02x … 0lx x

Table I.6.6. Formulae for multifactor ANOVA in tabular form

Variance 
components

Sum of the 
squares
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freedom Variances FR FT
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The mean values for the columns are determined (factor А) 0 ,jx  for the rows (factor В) 0,ix  
and the total mean value .x

In a similar way to the single-factor ANOVA, between the groups, in the groups (residual), 
and the total variances are determined—the variance between the groups being calculated sepa-
rately for factor А and factor В. With the help of the two-factor ANOVA, the infl uence and the 
interaction between the two factors can be assessed. For this purpose a sum, respectively, a 
variance of the interaction should be defi ned. The calculation process for the sums, the degrees 
of freedom, and the variances is shown in Table I.6.6.

To assess the infl uence of the individual factors and the interaction of the two factors on 
the studied property, the estimate values of Fisher’s criterion FR are used. The way they are 
determined and the conditions used to account for the table values FT are given in the last two 
columns of Table I.6.6.

Example

Study the infl uence of the needle number and the density of the seam on the strength of the 
seam (in N). The study has been conducted with three different needle numbers: 70, 80, and 
90, the density of the seam being 3, 4, and 5 stitches/cm. Five tests have been conducted for 
each combination of the factors. The data from the measurements is given in Table I.6.7.

Table I.6.7. Measurement data

            No
Density 70 80 90

3 192.9 155.3 183.5
220.9 170.3 188.5
199.1 168.2 184.5
195.6 160.5 174.5
176.0 176.6 185.2

4 243.6 230.1 252.7
254.0 201.5 210.0
261.1 224.9 218.0
255.7 230.1 245.7
224.1 209.9 233.4

5 267.7 218.1 229.7
277.2 250.4 253.2
264.4 220.4 203.5
293.3 156.0 247.1
256.3 218.3 271.6
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The mean values for each factor combination, under columns, rows, and the total mean 
value are given in Table I.6.8.

Table I.6.8. Calculated mean values for the example

            No
Density 70 80 90 0ix

3 196.90 166.18 183.24 182.11
4 247.70 219.30 231.96 232.99
5 271.78 212.64 241.02 241.81

0 jx 238.79 199.37 218.74 218.96

The calculation of the sums, the degrees of freedom, and the variances is done 
 accordingly in Table I.6.6, and the results are presented in Table I.6.9.

Table I.6.9. Sums of the squares, degrees of freedom, and variance components for the 
example

Variance 
components

Sum of the 
squares Degrees of freedom Variance FR FT

Between groups 
for factor А 31158.41 fА = 3 – 1 = 2 15579.21 44.99 3.259

Between groups 
for factor В

11656.49 fВ = 3 – 1 = 2 5828.25 16.83 3.259

From the interaction 1485.90 fAB = (3 – 1) × (3 – 1) = 4 371.47 1.072 2.634
Residual 12465.54 fe = 3 × 3 × (5 – 1) = 36 346.26 — —
Total 56766.34 f = 3 × 3 × 5 – 1 = 44 1290.14 — —

As can be seen from the resulting values for the estimate and table coeffi cients of  Fisher, 
both factors infl uence the strength of the seam (FR > FT). The infl uence of the density is 
stronger (factor А) since the accountable value of the Fisher’s criterion is bigger than the 
value of the needle size (factor В). The interaction (the joint effect) of the two factors is 
insignifi cant since (FR = 1.072 < 2.634 = FT). 
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PART II

DESIGN OF AN EXPERIMENT

In contemporary science the experiment has a central place. The effi ciency of scientifi c 
 investigations increases through the use of mathematical methods. 

It was in the beginning of 1935 when the English statistician Ronald Fisher advanced 
the fi rst statistical methods for the design of an experiment. He proves the advisability 
of the simultaneous variance of all factors instead of the then widely used monofactorial 
experiment. 

The design of an experiment is a process of a choice of the number and conditions for 
conducting of the tests, necessary and suffi cient for solving the given task with the necessary 
accuracy. In 1951, Box and Wilson introduced a new direction in the design of an experiment 
related to optimization of the processes. Finding the optimal conditions for implementation of 
the processes is one of the main scientifi c and production tasks. 

An experiment conducted for solving of an optimization task is called an extreme 
 experiment.
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II.1. MAIN CONCEPTS IN MATHEMATICAL 
MODELING AND OPTIMIZATION

Mathematical modeling is done on objects. “An object” refers to all technical means and 
 phenomena. The aim of the researcher is to study the objects so that he can manage them 
and ensure the best (optimal) accomplishment of the processes. Each production object is 
 characterized by a number of indices of its working у1, у2, …, уn (Figure II.1.1).

They are called output variables of the object, target functions, or parameters 
for  optimization. The values the output variables take depend on a number of other variables. 
Those of them that can be modifi ed, or at least measured, are called input variables or factors 
(x1, х2, .., хm). 

A number of other variables (w1, w2, …, wp) that cannot be modifi ed usually also act on 
the objects. They are called random disturbances. Often the physical nature of the random 
disturbances is not known and only their action is noticed in measuring the output variables. 
As a result of the action of the random disturbances, different values of the output variables 
can be obtained with one and the same value of the factors. For example, if an object of the 
study is yarn, the input parameters are linear density of the fi bers, strength of the fi bers,  friction 
coeffi cient between fi bers, twist, and many other material and machine parameters. The  output 
parameters are strength, elasticity, unevenness of the cross section, hairiness, and so on. 
 Random disturbances are change in temperature, humidity of the environment, uneven drawing 
of fi bers by the drawing devices, and so on. 

For study of the objects, mathematical models are used. A mathematical model means a 
mathematical correlation determining the quantitative relation between the output variables 
and the factors. Mathematical models refl ect separate characteristics of the object that the 
researcher is interested in. In addition, they reproduce these characteristics with a different 
degree of accuracy. This is the reason why for one and the same object, a few models can 
exist refl ecting different aspects of its work and describe it with different accuracy. Mathe-
matical models are classifi ed according to a number of principles. One of them is the way the 
models are formed. According to this indication, they can be analytical, experimental, and 
 analytically experimental. 

The main physical and chemical regularities for an object are used in the formation of 
 analytical models. The models themselves, most of the time, are systems of algebraic and 
 differential equations (in ordinary or partial derivatives). A very good knowledge of the 
 mechanism of the processes taking place within the object is necessary for their formation.

Experimental models are obtained on the basis of data from the measurement of the input 
and output quantities of the object. No information for the mechanism of the phenomena is 
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necessary for them to be formed although it turns out useful in this case, too. That is why 
experimental models are especially appropriate for examination of objects with insuffi ciently 
clarifi ed nature of the phenomena taking place in them. Unfortunately, there still are many such 
phenomena and objects in textile practice.

Analytically experimental methods combine aspects of both approaches. In this case, the 
structure of the models is chosen mainly for physical and chemical reasons but a number of 
constants are determined experimentally. 

Models can also be classifi ed according to whether they describe the statics or dynamics 
of objects. Models of dynamics refl ect the development of processes in time while models of 
 statics describe established regimes. In determination of the optimal conditions for the work-
ing of a given object, mainly the models of statics are an object of interest and for this reason 
they are the ones to be examined. Dynamic models are of interest mainly to the specialist of 
automatic management and also for some special technological investigations such as carding, 
tension of threads in winding and weaving, and in fi nishing. 

A number of other indications exist according to which models can be classifi ed. For 
 example, dynamic models may be with concentrated parameters in which factors are modifi ed 
only with time or with distributed parameters when the model depends on a few parameters.

An experiment may be passive and active. In passive experiment, information for the 
object is obtained during its normal exploitation, that is, without modifi cation of the  values 
of the factors. Result processing is done by a regression and correlation analysis. The 
method of consecutive exclusion of constituting functions (method of Brayton) can be used. 
 Correlation, spectral or dynamic regression analysis, is used to obtain a dynamic model. In 
active  experiment, levels of input data are artifi cially modifi ed. The aim is for the reliability of 
the results to be increased. 

Experimental research aims to determine the dependency of the output variable on the 
factors on the basis of an experiment data. The approach used by researchers until the appear-
ance of the theory of experiment was the classical or traditional approach. In this approach, 
the investigator fi xes (m – 1) factors on constant values and then modifi es the other factor and 
 measures the result yi. Then, he fi xes the value of this factor and starts modifying another one. 
This goes on until the infl uence of all factors on the output variables is studied. Results are 
 presented by tables and graphs according to which the technological regime is chosen. 

In order to obtain a full enough picture of the work of the object, a few (e.g., q) values need 
to be given for each of the factors. The number of tests in which all possible combinations of 
q values of the m factor are realized is N = qm. For example, if the object is six-factorial and each 
of the factors is given 5 values, in order for a full enough research of the object to be made with 
the traditional approach, the number of tests necessary is N = 56 = 15,625 tests. As conducting 
so many tests is labor-intensive and often very expensive, the experimenter has to choose (on 
the basis of his experience and intuition) constant values of the factors and to conduct multiple 

Figure II.1.1. Scheme of the infl uences on 
an object.
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monofactorial experiments. However, they do not allow for the infl uence of different combina-
tions of factors on the results to be seen and there is no guarantee that the chosen technological 
regime is optimal. 

The approach of the theory of experiment differs considerably from the traditional one. 
The fi rst difference is that it uses mathematical models. Determination of the model is possible 
on the grounds of a relatively small number of tests. If they are conducted correctly, the model 
gives the possibility for the value of the output variable to be predicted with suffi cient accuracy 
in random technological regimes from the fi eld of modifi cation of the factors. In the traditional 
approach, reliable information is obtained only for the regimes in which observations have 
been made. Using methods for optimization, the best regime for given indications can be found 
with the help of computing technology. The results obtained are guaranteed with preliminary 
set probability.

The theory of experiment solves the issue regarding planning of the tests. Technological 
regimes exist in each specifi c experiment and by studying them we can extract maximum infor-
mation for the studies object. The list of these regimes is the optimal plan of the experiment.
The choice of an optimal plan of the experiment and ensuring maximum accuracy of prediction 
of the output variable are the big advantages of the theory of experiment. 

Unlike the traditional approach, the theory of experiment recommends that all factors are 
modifi ed simultaneously in all tests. For this reason, averaging of the results from all tests 
is done during the processing of the data for determination of the constants. The random 
error is  fi ltered and the accuracy of the models is increased. The opportunity for an optimal 
 technological regime to be obtained with only a few tests leads to: 

• increase in the quantity of the production with improvement or maintenance of its  quality; 
• preservation or increase in the quantity and quality of production with substituting 

expensive raw materials with cheaper or easily available ones;
• increase in productivity;
• shortening of the periods for investigating and accelerated implementation of new 

 technologies; and
• decrease in the number of tests and the executive staff.
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II.2. CHOICE OF PARAMETERS 
OF OPTIMIZATION

In modeling and optimization of multifactorial objects, the researcher does not take into account 
many aspects of the studied object but focuses his attention on only some of them. He sets a 
specifi c target and in order to achieve it, characterizes it in a clear and accurate manner. The 
characteristic of the research target is called a target function, a parameter of the modeling, 
and optimization or an output parameter, y (Figure II.1.1). The real multifactorial objects are 
exceptionally diverse and for this reason there are various target functions which can be chosen 
for the different objects, or even for one and the same object.

The target functions could be the following:

• economic (productivity, profi tability, cost price, profi t, and so on)
• technical–economic (coeffi cient of effi ciency, security, durability, and so on)
• technological (physical, chemical, biological, mechanical, and other characteristics of 

the production or the product)
• psychological 
• aesthetic, etc.

The diversity of the possible target function is huge. The choice of one of them is directly 
related to the specifi c object and the targets of the researcher. The choice of a target function is 
a basic stage of the modeling and optimization process and, therefore, it should guarantee the 
possibility for the application of different statistical methods. 

The target function should meet the following requirements: 

1. The target function should be quantitatively characterized, that is, it should be possible to 
express it with a number. The multitude of values a target function can obtain is called the 
area of its determination. This area can be limited or unlimited, continuous or discrete. In 
order for a target function to be expressed in a numerical manner, it (or the components 
used to calculate it) should be measurable. In those cases when there are no appropriate 
measuring devices or there is an existing possibility to measure the output parameter, the 
so-called ranking approach is used. The rank is a conditional (subjective) quantitative 
evaluation of the target function on a preselected scale. In the simplest case, a ranking 
scale has only two values marked with two numbers, for example, 0 and 1. These are 
cases when the output is evaluated only as fi t or defective, of high or of poor quality, and 
so on. In other cases the ranking scale might have more discrete values given. A typical 
example of this is the scale for color fastness.
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It is obvious that the ranking approach is less accurate and too subjective. This is 
the reason why it is used only when there is no possibility for the target function to be 
measured in an objective manner.

Obtaining a quantitative characteristic of a target function is a necessary require-
ment in modeling and optimization since this is the only way to apply mathematical 
statistical methods.

2. The target function should be a single function. In many cases this requirement is met 
as it comes directly from the research target. But in other cases the target is given in a 
more general manner and several output parameters can be outlined. For example, in the 
production of fabrics different targets can be set, for example, high strength, elasticity, 
low shrinkage, abrasion, and washing resistance. It is very diffi cult to give a preference 
to only one of these parameters. The quality of the product is determined as a totality of 
the specifi ed targets.

When we are interested in each output parameter, уj, separately (Figure II.1.1), the 
modeling and optimization of this parameter are done in compliance with the methods 
reviewed above. But when the target of the research concerns all n output parameters, 
there are three ways of choosing a target function y:

• A generalized target function is formulated from all output parameters: 

 1 2( , ,..., );j= ny y y y  (II.2.1)

• A generalized target function is formulated for some u (u < n) output parameters:

 1 2( , ,..., ),j= uy y y y  (II.2.2)

while the rest (u – n) parameters are examined as additional restrictions; 
• Only one of the parameters y1, у2, …, уn is chosen as a target function and all the 

others are examined as restrictions.

The formulation of a generalized target function of the type (II.2.1) or (II.2.2) is a 
complex task. The generalized target function set in the following way is easier to for-
mulate and rationalize:
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j j

j

y ya

=

= ⋅∑   u = 2, 3, …, n, (II.2.3)

where αj are weight coeffi cients that take into account the infl uence of the particular 
parameters in the quantitative characterization of the target. 

Weight coeffi cients could be positive (when the increase of the respective parameter 
corresponds to the target) or negative (when the increase of the parameter leads to devia-
tion of the target set) quantities. These coeffi cients are set by the researcher and in most 
cases have a subjective character. They may also be determined as ranks, taking into 
consideration the opinion of a group of experts.

Since the separate parameters, y1, у2, …, уn, have different dimensions and  variation 
intervals, the coeffi cients αj should also have different dimensions and variation  intervals. 
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That is why it is easier to proceed with the formulation of a target function as a dimen-
sionless variable limited only to the (–1, +1) interval. With this objective, the parameters 
y1, у2, …, уn are transformed into new parameters θ1, θ 2, …, θ n with the help of the 
 following formula:
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where jy  is the mean value of yj, calculated as follows: 
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where yj,min and yj,max, respectively, are the minimum and the maximum value of yi,
u is the number of parameters included in the generalized target functions.

After the transformation, formula (II.2.3) becomes
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In this case, if the coeffi cients aj are set as dimensionless variables limited to the (–1, +1) 
interval, the generalized target function у, determined with formula (II.2.6), would also 
be dimensionless with values limited to the same interval. The choice of a target function 
in this way has several advantages in terms of calculation and in comparing the infl uence 
of the individual parameters. The inconvenience of this choice is that the direct physical 
meaning of the target function is lost.

In the usage of generalized target functions, determined according to the following 
formulae: (II.2.1), (II.2.2), or (II.2.6), there are two possible approaches to modeling 
and optimization of the object. The fi rst approach is to build a model of the generalized 
output parameter formulated in this way that would be tested and optimized  further. 
This approach is advisable in the beginning of the modeling and the optimization 
 process. The second approach is related to building separate models for each parameter, 
yi, and additional formulation, with formula (II.2.6), of the generalized target function. 
This approach requires more work (building the u model) but may appear to be more 
 appropriate when the coeffi cients αj have to be modifi ed or when the structure of the 
generalized target function has to be modifi ed. 

3. The target function has to be effi cient, that is, it has to characterize in an effective manner 
the functioning of the studied object in compliance with the set target. This requirement 
determines the accuracy of the formulation of the task for modeling and optimization. The 
effi ciency of the target function does not remain constant in the process of studying com-
plex objects. It changes according to the achieved results. This often leads to the use of a 
consecutive approach in the choice of the output parameter. For example, in the initial stage 
of a research, the amount of production per unit of time may be chosen as a target function. 
However, when the fi nal capabilities for productivity increase are reached, the role of other 
parameters such as the quality or the cost price of the product grows signifi cantly.
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At the same time, the target function has to be as universal as possible, that is, it 
should characterize in a comprehensive and complete way the target of the research. 
The more universal it is, the less often it has to be changed. In this sense, the economic 
parameters are more universal than the technical ones. The generalized target functions in 
principle have a higher level of universality compared to the separate output  parameters.

4. The target function should be a statistically effective characteristic of the target, that is, it 
should have the minimum possible dispersion. In practice, this requirement comes down 
to choosing such a target function which can be determined (measured or calculated) 
with the highest accuracy. 

There may be many more requirements to the target functions. The requirement for 
a target function to have a clear physical meaning is of great importance for the inter-
pretation of the results. The direct output parameters of the object (e.g., productivity, 
strength) have that property while the transformed or the generalized target functions do 
not have specifi c meaning, which makes the interpretation of the models and results of 
the optimization more diffi cult. 

Another requirement related to the practical implementation of the modeling and 
optimization process is that the target function should be as simple as possible and easy 
to calculate. 

All these requirements show that the choice of a target function is not a routine task. 
The researcher has to be careful with it as no objective method for choice of a target 
function exists. Now is the moment to mention that economic parameters, due to their 
additive nature, are approximated more easily with linear models while the physical and 
chemical parameters are more often described with more complex functions and a linear 
approximation is possible only in narrower intervals of factors variation.
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II.3. CHOICE OF INPUT FACTORS

Input factors are variables which can have certain values and can be measured. In order for the 
mathematical model of the examined multifactorial object to be adequate and have a practical 
application, the most important and essential factors which determine its functioning have to 
be included. At the same time, as few factors and their functions as possible should be included 
in order for the model to be convenient for use. Therefore, the task for the choice of the factors 
in the modeling is in fact the determination of the necessary requirements, the choice of the 
essential factors, and the elimination (screening) of the nonessential factors. 

In the preliminary examination of the object, a defi nite number of factors are selected. As 
the omission of an essential factor leads to obtaining inadequate models, the researcher always 
includes in the list many more factors than necessary. The factors used for the construction of 
the model have to meet (separately and in totality) several basic requirements. Each separate 
factor хi should have a certain interval (area) of determination (хi,min, хi,mах) in which it should 
allow for a quantitative evaluation, that is, it should be controllable. The evaluation could be 
obtained thorough measurement or a rank nature. However, in both cases, the evaluation of the 
factor should be defi nite.

In addition to the requirement of controllability, when conducting an active experiment the 
factors should also be manageable. This means the existence of a possibility for the factors to 
be determined and maintained with suffi cient accuracy on different levels in the area of their 
determination. Such a requirement cannot always be met and this often is the main impediment 
for conducting an active experiment. The measurement of the factors should be done with the 
highest possible degree of accuracy. That is why when two or more factors can be measured in 
several ways, or one and the same physical variable may be expressed (directly or indirectly) 
through several factors, the method or the variable that ensures the highest degree of accuracy 
has to be chosen. The inaccuracies of the measurement may lead to obtaining shifted evalua-
tions of the coeffi cients of the model and to reduction of the coeffi cient of multiple correlation. 
It has to be taken into consideration that the factors which have a narrow variation interval and 
which appear to be the most essential should be measured with the highest accuracy possible.

Together with these main requirements for each separate factor, the population of  factors 
should also provide for the implementation of two additional requirements: independence and 
compatibility of the factors. Independence means that in the population there are not two func-
tionally related factors. In an active experiment, this requirement allows for every factor to be 
determined on a certain level, regardless of the levels of the other factors. In a passive experi-
ment it ensures relatively low correlation between the factors. In both types of experiments, 
independence of the factors ensures obtaining additional information from each factor. The 
requirement for compatibility of the factors ensures the possibility of implementation for all 
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Obtaining such ranking of the factors practically solves the problem of choosing the essential 
factors and screening the nonessential ones. Unfortunately, this is a very hard and insuffi ciently 
formalized problem. In practice, it is solved consecutively by starting at the stage of the prelimi-
nary tests and ending with the statistical analysis of the model. 

The whole process of choosing the essential factors may be summarized in the following 
stages: 

1. Selection of the essential factors on the basis of research of the object nature: Usually 
the researcher has signifi cant a priori information that often allows him/her to choose the 
essential factors, or at least the main part of them. However, in many cases the available 
information is not suffi cient for a defi nite choice and serves only to focus on certain fac-
tors. Also, there is a possibility of a case when the object is so complex or poorly studied 
that the a priori information does not provide the possibility to make a fi nal decision. 
Then you need to proceed to the next stages.

possible combinations of values of the factors within the limits of their areas of determina-
tion. In real cases, this requirement cannot always be met. However, the area of compatibility 
needs to be studied and determined very well. This is especially important in the conducting 
of an active experiment, as in passive experiments the regime of normal exploitation ensures 
the implementation of the compatibility requirement. If this requirement is not implemented, it 
means that there are combinations of factor values leading to waste, to destruction of the object, 
or to other unacceptable events.

The next issue is the choice of factors through determination of the essential ones and 
screening of the nonessential. The formulation of the task is the following: each factor infl u-
ences the output parameter in a certain way and this infl uence is different for different factors. 
If the factors are arranged (ranked) by the extent of infl uence on the output parameter, we will 
get a picture similar to the one in Figure II.3.1. In this fi gure, the infl uence of the factors is rep-
resented in percentage on the y-axis while the factors in the order of their infl uence are shown 
on the x-axis. The total (cumulative) effect of the activity of the separate factors is also shown. 
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Figure II.3.1. Factors ranked by the extent of infl uence on the output parameter.
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2. Selection of essential factors through a priori ranking: When the information about the 
object possessed by the researcher is not suffi cient for making an informed choice of the 
essential factors, the opinion of a group of experts with a lot of experience in the fi eld 
has to be taken. An inquiry is organized in which each expert is asked to prepare a list 
of the essential factors arranged to the extent of infl uence on the output parameter. The 
 prevailing opinion of the experts is used for the choice of the essential factors.  Experience 
shows that to a great extent this way of a priori ranking gives positive results. For higher 
reliability of the inquiry, greater number of different experts should participate. In some 
cases the opinions of the experts may be accounted for with different weight coeffi cients 
depending on their qualifi cation. The methods of the ranking correlation are presented 
later in this chapter.

3. When the opinions of the experts are divergent on many of the factors, the only option left 
is to conduct a small experiment and then select the factors on those grounds. This is the 
stage of the preliminary experimental screening of the factors. The main concept of the 
experimental screening is based on the suggestion that the most essential factors can be 
selected even when there is little experimental data. For this purpose, a number of math-
ematical methods are used such as dispersion analysis (presented in Section I.6) and the 
random balance method (presented later in this chapter). With this stage, the possibilities 
for preliminary screening of essential factors are exhausted. The researcher forms the fi nal 
list of factors and proceeds to the next stages of modeling. If not all essential  factors are 
included in the model (i.e., the model is found to be inadequate), the researcher would need 
to return to the stage of factor selection once again and to select new factors.

As it can be seen, the selection of factors is a long and diffi cult process that ends with the 
stage of the statistical analysis of the model. 

In the active factorial experiment, factors most often vary on two levels. Before the lev-
els of the factors are determined, the center/core of the experiment is chosen. A center of the 
experiment is a point in the factorial space, the coordinates of which are the zero (central) levels 
around which the separate factors vary. It is desirable that the center is as close as possible to 
the optimal value wanted. This gives the possibility to reach the fi nal result with a minimum 
number of tests. The coordinates of the center, or the so-called basic levels of the factors, are 
marked with Х0,i.

After determining the center of the experiment, the next step is to choose the interval of 
variation, Ji, of the factors. In the choice of the interval of variation, the following consider-
ations are taken in account:

• The values of the factor in the interval of variation should be measured with suffi cient 
accuracy.

• The available information of the variation range of the output parameter in the different 
points of the factorial space.

• A reference for the size of the interval can be obtained if there is preliminary information 
for the area of response. 

An area of response is the area in the (m + 1)-dimensional space, the points of which are 
determined by the values of the factors and the output variable of a particular test. It is described 
with the mathematical model of the object.
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Depending on the minimum and the maximum values of the separate factors, the interval 
may have different width. 

• In wide interval Ji ≥ 0.3(Хi,max – Хi,min).
• In medium interval 0.1(Хi,max – Хi,min) ≥ Ji ≥ 0.3(Хi,max – Хi,min).
• In narrow interval Ji ≤ 0.1(Хi,max – Хi,min).

The maximum and the minimum values of the factors are determined by the technical condi-
tions of the process implementation.

After the interval of variation is chosen, the upper and the lower levels of the factors are 
determined:

 , 0, ,i u i iX X J= +  (II.3.1)

 , 0, .i l i iX X J= −  (II.3.2)

When writing the conditions of the experiment and calculation of the models, it is more 
convenient for the variables to be given in coded values instead of natural ones. Coding is 
 performed in the following way: 

 0, ,i i
i

i

X X
X

J

−
=
� �

 (II.3.3)

where Xi is the coded value of the factor,
iX�  is natural value of the factor,
0,iX�  is natural value of the basic level,

Ji is interval of variation,
i is number of the factor.

In this way, the interval of variation is [–1, +1] and code 0 corresponds to the basic level. 

Example

The values should be coded in the conducting of an experiment with a  drawing 
frame with the following variation of the speed of delivery:  uX�   =  800 m/min and 

lX�  = 600 m/min.

Determination of the basic level in natural values: 

0
800 600

700 m/min.
2

+= =�X

(Continued )
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Determination of the interval of variation: 

800 600
100 m/min.

2

−= =J

Determination of the coded values:

For the upper level: 800 700
1,

100uX
−

= = +

For the lower level: 
600 700

1,
100lX

−
= = −

For the basic level: 0
700 700

0.
100

X
−

= =

METHODS OF RANK CORRELATION

Rank correlation is a method in mathematical statistics for objective processing and formal-
ization of subjectively collected information designed for quantitative evaluation of objec-
tively immeasurable factors and output parameters. The approach for solving such tasks 
is collection and summary of the opinions of a certain number of experts (specialists) as 
from the prevailing opinion and the fi nal decision is made. The experts, who should be as 
many as possible, have essential but not formalized knowledge. For this reason, the collected 
 information refl ects the objective aspect of the phenomenon but also the subjective attitude 
of each expert, which is the main disadvantage of this approach. The collection of opinions 
of highly qualifi ed experts has its advantages too. The knowledge, the experience, and the 
intuition of many experts are concentrated and summarized in the opinions, which makes this 
approach exceptionally useful. 

The method is based on the “rank” concept, that is, the evaluations of the inquired experts 
are presented as ranks for each object. If n objects (phenomena, factors, parameters) of a given 
population are arranged (ranked) in accordance with the decrease or increase of a certain indica-
tor, x, of theirs then the rank of each ith object, хi, is a number showing the place of the object 
in the ordered population. 

Example

The infl uence of constructive and technological parameters of the transport devices of a 
sewing machine on the set up of the stitch line should be ranked. The results of the expert in 
machines and devices in sewing production are summarized in Table II.3.1. 

(Continued )
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COEFFICIENT OF RANK CORRELATION

The coeffi cient of rank correlation r serves for assessment of the relation between two indica-
tors х and у that cannot be quantitatively evaluated. If n obj  ects are ranked in accordance with 
the indicators х and у, they are represented as x1, x2, …, xn, and у1, у2, …, уn.

The Spearman’s coeffi cient of rank correlation is determined by the formula: 
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 (ІІ.3.4)

w  here xi is the rank of the ith object according to the indicator х,
xj is the rank of the jth object according to the indicator х,
yi is the rank of the ith object according to the indicator y,
yj is the rank of the jth object according to the indicator y.

The coeffi cient of rank correlation can also be determined according to Kendall: 
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 (ІІ.3.5)

Table ІI.3.1. Ranking from the experts

Code 
of the factor Factors Rank

1 Material of the working device 7
2 Incorrect choice of the height of the feed dogs’ teeth 

(in  accordance with the type of the material)
5

3 Height of raising of the feed dogs over the needle plate 2
4 Parallelism of the teeth’s and needle plate’s surfaces 4
5 Pressure power of the presser foot 1
6 Area of the presser foot 6
7 Angle of the teeth of the feed dogs 8
8 Transportation speed 3
9 Number of rows of the feed dogs 9

10 Height of the teeth of the feed dogs 10

(Continued )
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where the symbol sign(a – b) is determined in the following way:
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Kendall’s coeffi cient of rank correlation is a less effective evaluation than Spearman’s coef-
fi cient. In addition, more calculations are needed for it to be calculated. That’s why its use is 
unsuitable for, both, theoretical and practical reasons.

Taking into account that the ranks of all objects according to x and y take the whole values 
from 0 to n and the margins (xi – xj) and (уi – уj) take the whole values from (1 – n) to (n – 1), 
the writing of Spearman’s coeffi cient of rank correlation can be simplifi ed, as a result of which 
a more convenient formula is obtained:
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where sd is calculated according to:
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The coeffi cient of rank correlation takes values within the interval [–1, +1]. In analogy with 
the coeffi cient of linear correlation, if r = 0 there is no relation between the rank according to 
the two indicators. When the ranking of the objects fully coincides, then r = +1. In case of fully 
opposing ranking, r = –1.

Example

For the earlier example, the coeffi cient of rank correlation has to be determined as the opinion 
of one more expert has to be included. The ranking of the factors is given in Table ІI.3.2, as xi 
is the ranking of the expert in machines and devices in sewing production from Table ІI.3.1 
and уi is of a technologist from a sewing factory.

Table ІI.3.2. Computation of Spearman’s coeffi cient of rank correlation

i 1 2  3  4 5 6 7 8  9 10
xi 7 5  2  4 1 6 8 3  9 10
уi 4 3  5  8 1 6 7 2 10  9
di 3 2 –3 –4 0 0 1 1 –1  1
di

2 9 4  9 16 0 0 1 1  1  1
Common rank 5 4  3  7 1 6 8 2 9–10 9–10

(Continued )



96  •  TEXTILE PROCESSES

Experts cannot always rank the objects in such a way that each of them is classifi ed in a 
separate position. Often they give the same rank to a few objects, that is, it is possible that two 
or more ranks coincide at the expense of another rank that they do not award. In such case, 
ranking with coinciding ranks is present. 

The common rank is formed and it corresponds to the summary ranks of the two experts. In 
order for this ranking to be used, verifi cation has to be made whether the opinions are close 
enough. A calculation is made for 42ds =  and for the coeffi cient of rank correlation:

2

6 42
1 0.75.

10(10 1)
r

×
= − =

−

The value of the coeffi cient is high enough which shows that their opinion is coordinated and 
the common rank can be used.

(Continued )

Example

As a part of the same research, another expert has ranked the factors as shown in Table ІI.3.3.

Table ІI.3.3. Ranking with coinciding ranks

i 1 2 3 4 5 6 7 8 9 10
xi 5 3 2 3 1 4 5 2 6 5
хi′ 8 4.5 2.5 4.5 1 6 8 2.5 10 8

As it can be seen, two of the factors are classifi ed in the second position, two on the third, 
and three on the fi fth. In case of coinciding ranks, a recalculation is done for which there is 
a condition that the sum of the ranks in the row remains constant and equals the sum of the 
numbers from 1 to n: 

 1 1

1
( 1).

2

n n

i

i i

x i n n
= =

= = −′∑ ∑  (ІІ.3.9)

In the last row of Table ІI.3.3, the recalculated ranks хi′ are given. Factors 3 and 8 have rank 2 
which means that they share second and third position, respectively the recalculated ranks are: 

3 8
1

(2 3) 2.5.
2

x x= = + =′ ′

In the same way, the ranks for factors 2 and 4 are: 

2 4
1

(4 5) 4.5.
2

x x= = + =′ ′

(Continued )



PART II: CHOICE OF INPUT FACTORS  •  97

For calculation of the coeffi cient of rank correlation, Spearman’s formula is modifi ed, 
t aking into account the presence of coinciding ranks: 
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where U1 and U2 are variables taking into account the presence of coinciding ranks in the 
fi rst and the second row (according to the separate criteria) of the output table (before the 
 recalculation).

 1
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where ui is the number of repetitions of the ith rank.

Assessment of the Signifi cance of the Rank Correlation Coeffi cient

For an assessment of the signifi cance of the rank correlation coeffi cient ρ for n ≤ 10, the table 
in Appendix 7 is used. For each value of n = 4, 5, …, 10 in the table, the possibility that the real 
value of sd is lower or equal to the calculated value of sd is given. 

If the probability р, accounted from the table in Appendix 7, is lower than the given level 
of signifi cance, for example α = 0.05 or α = 0.01, then the rank correlation coeffi cient is signifi -

cant. If the correlation is negative, that is, 
2

0
( 1)

,
6d

n n
s s

−
> =  because of the symmetry in the 

distribution of sd , the variable is determined:

 02 .d ds s s= −′  (ІІ.3.12)

The assessment of signifi cance in such cases is determined in accordance with s′d. If 
n ≥ 10, as the rule for distribution of the rank correlation coeffi cient (according to 

The rank of factor 6 becomes х6′ = 6 and of factors 1, 7, and 10: 

1 7 10
1

(7 8 9) 8.
3

x x x= = = + + =′ ′ ′

The rank of factor 9 becomes х9′ = 10.

Verifi cation: 
1 1

8 4.5 2.5 4.5 1 6 8 2.5 10 8

1 2 3 4 5 6 7 8 9 10 55.
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 Kendall and  Spearman) is symmetrical, it can be approximated with a normal one. In the 
absence of  coinciding rows, the distribution dispersion of Spearman’s rank correlation 
 coeffi cient is

 2 1
.

1nrs =
−

 (ІІ.3.13)

Example

For the above example using Table ІI.3.2, a verifi cation has to be done whether the calcu-
lated rank correlation coeffi cient r = 0.75 is signifi cant.

With n = 10 and 42ds =  from Appendix 7, the following is accounted: 

0.010 0.007
0.0085,

2
p

+
= =

as 0.010 is the probability р corresponding to 44ds =  and 0.007 is the probability р cor-
responding to 40.ds =  This means that with confi dence level of 1 0.0085 0.9915 0.99− = >  
we can accept that the rank correlation coeffi cient ρ = 0.75 is signifi cant. 

COEFFICIENT OF CONCORDANCE

In the choice of target functions and essential factors, the task for assessment of the mutual cor-
relation relation between a few ranked rows often arises. If n objects (i = 1, 2, …, n) are ranked 
according to the indicator x by m number of experts (j = 1, 2, …, m), the data from the ranking 
can be presented in the form of a matrix of the ranks xij (Table ІI.3.4).

Table ІI.3.4. Matrix of the ranks

Objects i
Experts j 1 2 … n

1
2
…
m

x11
x12
…
x1m

x21
x22
…
x2m

…
…
…
…

xn1
xn2
…
xnm

1

m

ij

j

x
=

∑ 1

1

m

j

j

x
=

∑ 2

1

m

j

j

x
=

∑
…

1

m

nj

j

x
=

∑

The calculation of the rank correlation coeffi cient for each couple of experts is laborious 
and it also does not allow an assessment of the coordination of all experts’ opinions. For an 
assessment of the common coordination, the coeffi cient of concordance, W, is determined. It 
is calculated when the summary ranks of each object are determined (last row of Table ІI.3.4). 
Then, the average value of the summary ranks is determined: 
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As it can be seen, it only depends on the number of the objects and the number of the experts. 
From the summary ranks and the variable a, sd is determined: 
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The coeffi cient of concordance is
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and in case of coinciding rows:
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where Uj assesses the number of coincidences in the ranks and is determined by the formula: 
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where uij is the number of repetitions of the ith rank in the jth ranking.
The coeffi cient of concordance assesses the degree of coincidence of the experts’ opinions 

regarding the ranking of the factors/objects. In this sense, it is analogous to the coeffi cient of 
multiple correlation in the regression analysis (see Section II.5). It takes values from 0 to 1 as, 
the higher the value of W, the more confi dent the researcher can be to use the results of the 
inquiry. In the selection of essential factors, he can rank them according to the summary ranks. 
During the research, he will vary the factors with the lowest ranks and will ignore the ones with 
the highest. 

Assessment of the Signifi cance of the Coeffi cient of Concordance

With fewer objects and inquired experts, the verifi cation is done with the help of the variable:
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 (ІІ.3.19)

which has a distribution corresponding to the one of Fisher with degrees of freedom: 

 
1

2
1f n

m
= − −   and  2 1( 1) .f m f= −  (ІІ.3.20)
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With n > 7 the following variable is used:

 ( 1) ,V m n W= −  (ІІ.3.21)

which has χ2-distribution with degrees of freedom f = n – 1. When there are coinciding ranks in 
the ranking matrix, the variable V is calculated by the formula: 
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 (ІІ.3.22)

Example

The factors infl uencing the quality of the seam of light fabrics have to be ranked. A question-
naire has been prepared which includes 10 factors. Each factor is given a number presented 
in Table ІI.3.5.

Table ІI.3.5. Numbering of the factors

Number Factor

 1 Tension of the upper thread 
 2 Tension of the lower thread
 3 Density of the seam
 4 Sewing speed 
 5 Power of the presser foot
 6 Type of the transport mechanism
 7 Opening of the needle plate
 8 Type of the presser foot
 9 Brakes for straining the thread
10 Number of the needle

The questionnaire is fi lled in by 10 experts—technologists, mechanics of sewing machines 
in sewing companies, and teachers in sewing technologies. Each expert (marked with a 
letter from A to J) has given an evaluation from 1 to 10 of the degree to which he or she 
thinks each separate factor infl uences the seam quality (evaluation 1—lowest infl uence and 
evaluation 10—highest infl uence). The ranking of the factors by each expert is presented in 
Table ІI.3.6.

(Continued )
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Table ІI.3.6. Experts’ ranking of the factors

Factor 1 2 3 4 5 6 7 8 9 10

A 1 6 7 5 2 1 3 6 5 1
B 1 1 1 3 3 5 1 5 5 1
C 1 1 4 2 1 2 3 2 4 2
D 1 5 6 4 3 3 3 3 3 2
E 2 2 4 3 2 2 5 3 3 1
F 3 3 8 8 5 3 6 7 3 5
G 1 6 7 5 3 3 1 5 8 1
H 3 3 4 8 3 2 3 3 5 4
I 3 5 6 5 4 5 4 4 5 5
J 1 1 3 7 4 5 6 6 7 2

First, according to formula (ІІ.3.14), the average value of the summary ranks is determined: 
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As we have coinciding ranks the coeffi cient of concordance is determined according to 
 formula (ІІ.3.17). According to formula (ІІ.3.18), for each expert (j = 1, 2, …, m) the vari-
able Uj is determined in advance. Expert number 1 has used rank 1 three times and rank 5 
and rank 6 two times each. Therefore,

2 2 2
1

1
3(3 1) 2(2 1) 2(2 1) 3.

12
⎡ ⎤= − + − + − =⎣ ⎦U

In the same way, the variables U2 to U10 are calculated.

U2 = 12.5;  U3 = 7.5;  U4 = 10;  U5 = 7;  U6 = 6;  U7 = 3;

U8 = 10.5;  U9 = 12;  U10 = 1.5.

(Continued )
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The sum of them is calculated:
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The coeffi cient of concordance:
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Its signifi cance is verifi ed with a calculation by formula (ІІ.3.22) of the auxiliary variable V:

4710
70.41.

1 1
10 10(10 1) 73

12 10 1

V = =
× + − ×

−

The obtained value is compared with the value of the Chi-squared distribution with 
a level of  signifi cance α = 0.01 and degrees of freedom 10 1 9.f = − =  As V = 70.41 and 

2 16.92,Tc =  in such case we can claim that there is a coordination of the experts’  opinions. 
In  Figure II.3.2, the ranking of the factors according to the summarized opinion of the 
experts is presented. 
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Figure II.3.2. Ranking of the factors according to the summarized opinion of the experts.

(Continued )
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RANDOM BALANCE METHOD

Screening of the essential factors can be done with an analysis of the signifi cance of the regres-
sion coeffi cients in the given model. This approach for screening of factors, however, is unsuit-
able as it requires the conducting of many tests and calculations. What is more appropriate is the 
use of plans of the experiment in which the number of the factors k is bigger than the number of 
observation N. These plans are used in the so-called random balance method. The main concept 
of this method is the approximate evaluation of the coeffi cients of the factors and their interac-
tions on the grounds of which the essential can be separated. The design most often is made on 
two levels, as a result of the linear members and the interactions of second order.

The experimental plan is constructed from the full factorial experiment on the grounds 
of a random rule. With the random balance method, the suggestion is that the number of the 
essential factors l is much smaller than the number of the tested factors k, that is, the infl uence 
of the main part of the factors on the output parameter is insignifi cant and these factors can be 
changed with the equivalent disturbing infl uence ε.

The mathematical model is divided into two parts: 

 0 1 1 2 2 ,h e b b b b x= + = + + + + +� l ly x x x  (ІІ.3.23)

where:

 1 1 2 2 .x b b b e+ + + += + + + +�l l l l k kx x x  (ІІ.3.24)

The models are constructed from the collected N experimental data. With their help and in 
the way described in Section II.6, the coeffi cients β1, β2, …, βl are determined and evaluated. 
Ignoring the mutual infl uence of the factors хl+1, хl+2, …, хk, the residual dispersion can be 
written as:

 
2 2 2 2 2 2 2 2

1 1 2 2 ,x es b s b s b s s+ + + +≈ + + + +�l l l l k k  (ІІ.3.25)

where 2 2 2
1 2, ,...,l l ks s s+ +  are the dispersions of the respective factors. 

As can be seen from formula (ІІ.3.25), the residual dispersion 2
xs  is bigger than the  dispersion 

of the single test 2.es  That is why the evaluations of the coeffi cients β1, β2, …, βl are with bigger 
mistakes than with а full factorial experiment. The advantage of the screening experiment is that 
it is easier to separate the dominant factors from among a big number of examined ones.

The stages of work with the random balance method are the following: 

1. design of the experiment;
2. construction of a dispersion diagram; and
3. separation of essential factors. 

DESIGN OF THE EXPERIMENT

The plan of the experiment is constructed in the following order. The output factors are divided 
into groups of two to four factors completely formally or depending of the specifi city of the 
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object. For each group, a plan of the experiment is constructed—a full or fractional factorial 
experiment. The general plan of the experiment is constructed by a random (e.g., by tables of 
random numbers) mixing of the rows of the separate group plans. 

Example

The essential factors of four main factors (х1, х2, х3, х4) and six interaction of second order 
(х1х2, x1x3, x1x4, х2х3, х2х4, х3х4) have to be separated on the ground of six tests. 

The factors are divided into two groups: fi rst group, х1 and х2, and second group, х3 and 
х4. For each group, matrices are constructed for a full factorial experiment of the type 22 
(Table ІI.3.7). On the basis of the two matrices, a common matrix of the experiment is con-
structed for N = 6 as the rows of the two matrices are selected in a random way. Rows 3, 1, 4, 
1, 2, and 4 are taken from the fi rst matrix and rows 1, 4, 2, 3, 2, and 1 from the second one.

Table ІI.3.7. Full factorial experiment for both groups

Factor
Number 
of row х1 х2

Factor
Number 
of row х3 х4

1
2
3
4

+
+
–
–

+
–
+
–

1
2
3
4

+
+
–
–

+
–
+
–

The common matrix of the experiment is given in Table ІI.3.8. The values of the interaction 
of the second order are also given in it and in the column before the last the values of the 
output parameter y obtained by the experiment are given.

Table ІI.3.8. Common matrix of the experiment

Factor
Test 
number х1 х2 х3 х4 х1х2 х1х3 х1х4 х2х3 х2х4 х3х4 y y′

1
2
3
4
5
6

–
+
–
+
+
–

+
+
–
+
–
–

+
–
+
–
+
+

+
–
–
+
–
+

–
+
+
+
–
+

–
–
–
–
+
–

–
–
+
+
–
–

+
–
–
–
–
–

+
–
+
+
+
–

+
+
–
–
–
+

31
34
 5
26
 7
14

 8
12
 5
 4
 7
14

CONSTRUCTION OF A DIAGRAM OF DISPERSION

The construction is done in the following way: the factors are entered conditionally on the 
abscissa axis and the values of the output parameter in the form of points are entered on the 
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ordinate axis. These points are entered for each factor separately as they are divided into two 
subgroups: on the left for the tests in which the respective factor has been on the lower level (–) 
and on the right in the cases when the factor has been on the upper level (+). The medians are 
entered for each subgroup of points and for each factor (in case of even number of points—in 
the middle between the two inner points, in case of odd number—through the middle point). 
The essential factors are determined by the absolute value of the margin between the left and 
the right median. The bigger it is, the more essential the respective factor is. 

The diagram of dispersion for the ten factors in Table II.3.8 is given in Figure II.3.3.
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Figure II.3.3. Diagram of dispersion.

The results obtained are characteristic for the diagrams of dispersion with the random 
balance method. It is seen that for a big part of the factors and the interactions, the mar-
gins between the medians are essential. The margins are bigger for: х1 (+24), х1х4 (+24), х3 
(–19,5) and х4 (+19). The sign of the margin between the upper (right) median and the lower 
(left) median shows the direction in which the given factor infl uences the output parameter. 
If the margin is positive, the output parameter grows with the increase of the factor and vice 
versa. 

The margins between the medians, also called contribution of the factors, can serve for 
tentative evaluation of the signifi cance of the separate factors. However, they are not effi cient 
for evaluation of the level of infl uence of the separate factors on the output parameter. The 
f ollowing evaluations of the coeffi cient are more useful: 
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N N N= = −

= −
−∑ ∑  (ІІ.3.26)

where indices from 1 to N1 indicate the tests in which the factor xi is in the upper (+) level 
while indices from N1 to N indicate the tests in which the factors xi is in the lower (–) level. 
The change in the formula is necessary because of the fact that the number of tests N1 in which 
xi = +1 in most of the cases is not equal to the number of tests (N – N1) in which xi = −1. For 
the examined example (Table II.3.8), the evaluations ˆ

ib  are entered in Figure II.3.3 below the 
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respective factors. They confi rm most of the results obtained during the analysis of the contri-
butions, for example, factor x2 is dominant according to both approaches but the interaction х3х4 
is given a more rearward position. In addition to the contributions and the evaluations, ˆ ,ib  for 
the degree of infl uence of the separate factors we can also judge by the number of the so-called 
separating points. 

Separating points are those points for which when xi = +1, the values of the output parameter 
y are above the highest value of y when xi = –1 and those for which when xi = –1 the values of y 
are lower than its lowest value when xi = +1. It is obvious that the higher the number of separat-
ing points is, the stronger the infl uence is of the respective factor on y. For example, it can be 
seen (Figure II.3.3) that all six points of the factor x2 are separating. The number of separating 
points for the factors x3 (four points), х3х4 (four points), and x4 (three points) is also signifi cant.

There also is an approach in which the interactions of second order can be selected without 
constructing a diagram of dispersion for them. This is especially important in case of a great 
number of factors because then the number of interactions grows very fast, followed by the 
quantity of calculation operations and graphical constructions. The approach is based on the 
fact that the essential interaction xixj has a big number of separating points, both, on levels +xixj 
and –xixj. In the fi rst case, the factors xi and xj have to be with the same sign and in the second 
case with different signs. Therefore, the interaction of these factors that have separating points, 
both in case of the same and in case of different levels, can be examined. The last condition 
is implemented when the upper or the lower parts of the diagram of dispersion of the factors 
xi and xj are mirror images. For example, in Figure II.3.4 the lower parts of the diagrams of 
dispersion of xi and xj are mirror images of one another.

y

– –+ + – +
xi xi

xixj xj

For the interaction xixj, these points turn out to be on a lower level. The points recur in the upper 
part of the two diagrams. For xixj they turn out to be on an upper level. As a result of the interac-
tion xixj has separating points on both levels. This fi gure graphically shows how essential interac-
tion can be found when the factors themselves turn out to be nonessential (both factors have two 
separating points only). The picture is analogous in Figure II.3.3 for factors х3 and x4. The two 
uppermost points are repeated and the two lowermost points are symmetrical. The interaction х3x4 
has respectively two separating points, both in the upper and in the lower parts of the diagram.

Figure II.3.4. Diagrams of dispersion 
of xi and xj.
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SEPARATION OF ESSENTIAL FACTORS

Separation of the essential factors on the diagrams of dispersion has to be done very carefully 
as the number of tests is small and the design matrix is not strictly orthogonal. That is why the 
separation of the factors in done consecutively, one by one or a few at a time. 

After the separation of the chosen factors, their infl uence is eliminated as they are fi xed at 
one level. If the separated factor xi = +1, the variable ˆ

ib  is deducted from the values of y. Thus 
the factor xi is conditionally transferred on to level xi = –1 for the whole experiment. If the sepa-
rated factor xi = –1, the variable ˆ

ib  is added. Thus the factor xi is transferred on to level xi = +1. 
When a few factors are separated simultaneously, a simultaneous transfer is implemented for 
all separated factors. 

After a correction of the values of the output parameter, the diagrams of dispersion are 
constructed again for the other factors. Another group of factors is separated and the values of 
y are corrected again. This consecutive separation goes on until the contribution of the rest of 
the factors, or the evaluations ˆ ,ib  turn out to be close. In cases when the contributions of a few 
factors on the diagrams of dispersion are close, the factors having evaluations ˆ

ib  higher than the 
absolute value for which the number of separating point is bigger have to be chosen. It should 
not be forgotten though that in accordance with its main precondition, the random balance 
method allows for only a small number of essential factors to be separated. 

Regarding the example: in accordance with the above given recommendations, х2 is sepa-
rated as an essential factor as with similar contributions with х3х4 and a number of  separating 
points, 2b̂  > 3b̂ . The factors х2 is transferred on to a lower level as х2 = +1. From the values 
of y in test numbers 1, 2, and 4 we deduct the value of the evaluation 2b̂  = +21.7 ≈ +22. The 
values of y obtained after the correction are given in the last column of Table ІI.3.8 and are 
marked with y′. With these values, the diagrams of dispersion are constructed again for the 
remaining nine factors (Figure II.3.5). 
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Figure II.3.5. Reconstructed diagram of dispersion for the remaining factors.

The contributions and the values of the evaluations ˆ
ib  are given in the fi gure. The most 

signifi cant interactions appear to be х2х4 and х3х4, as the interaction х3х4 was dominant in the 
fi rst screening, too. The two interactions can be separated at the same time and the screening is 
done in the same way.
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II.4. MAIN STAGES OF EXPERIMENTAL 
MODELING

Experimental modeling goes through the following main stages: 

1. Choice of target function
Defi nition of the target is determined by the tasks assigned to the given production. It 
cannot be done with the help of formal mathematical methods. Considerations on the 
choice of target functions are described in Section II.2. 

2. Choice of input factors
A decision is made on which of the factors will be modifi ed during the experiment. The 
rest of them are fi xed to constant values or their infl uence refers to the action of random 
disturbances. Requirements to the factors are described in Section II.3.

3. Choice of the structure of the model
The type and the structure of the mathematical model are chosen on the basis of prelimi-
nary examination of the model. Polynomial models are used most often. 

4. Planning of the experiment
Data from the observations can be collected with the help of an unplanned or planned-
in-advance experiment. Specifi c plans of the experiment are described in  Sections II.6, 
II.7, and II.11.

5. Realization of the tests
Technological and technical realization of the task. Methods for its solving are deter-
mined by the specifi c characteristics of the object. 

6. Processing of experiment data
The coeffi cients participating in the mathematical model are determined on the grounds 
of the data obtained by the experiment. 

7. Statistical analysis of the model
Coincidence of the values predicted according to the model and the ones determined by 
the test is checked. If the coincidence is good, it is said that the model is adequate and 
can be used for optimization. Otherwise, the structure of the model is changed or new 
factors are included in the investigation. A new experiment can be executed or the data 
for obtaining the new model structure is processed during the transition to a new model. 
At the stage of statistical analysis, conclusions are made for the level of infl uence of the 
factors on the output variable.
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8. Optimization
The best technological regime, in a predefi ned sense, is determined with the help of the 
model.

9. Verifi cation of the optimal regime and technological interpretation of the research 
results
The determined optimal regime is realized and the coincidence of the obtained results 
with the results predicted by the model is checked. Results are rationalized from tech-
nological point of view. Graphs are drawn showing the variation of the output variable 
depending on the factors. 

As it has been noted, statistical models are formed by using results of an experiment, that 
is, a measurement is realized. Due to the presence of errors from the measurement, the real 
value of the measured variable x cannot be determined. Only the interval in which it is situated 
is determined: 

 * ,x x u= ±  (ІI.4.1)

where x* is the measured value;
u is total error (the sum of all errors).

Errors may be:

• Errors from the choice: They occur when not the whole population was examined but 
just a part of it, the so-called sample. The values obtained differ from the real ones but 
the errors can be defi ned with the help of mathematical statistics. They are evaluated 
with the absolute q and the relative p confi dence error, the determination of which is 
clarifi ed in Section I.3.

• Errors from the measurements: They are obtained as a result of an imperfection in the 
construction of the device or in its execution. The permissible error is specifi ed in the 
passport and is accounted in registration of the results.  

• Random errors: They occur under the infl uence of diverse factors and cannot be avoided. 
However, with the help of the probability theory and mathematical statistics, the inves-
tigator can recognize and reduce their infl uence to a signifi cant extent. The approach of 
randomization is used often, in which tests are conducted in a random (not arranged) 
way with the aim of eliminating factors such as variations in temperature, humidity, and 
effi ciency of the workers. 

• Systematic errors: They occur as a result of permanently acting reasons, for example, 
a device out of order or incorrect methods for examination. They have the same value 
in all tests and are hard to fi nd. Special tests are necessary for them to be found and 
eliminated, for example, measurement of the same variable with a few measurement 
instruments or measurement with the same instrument of a few standards. Systematic 
errors can be eliminated with the introduction of corrections in the observation results, 
for example, the Pressley’s correction coeffi cient in determination of the strength of 
cotton fi bers. 

• Gross errors: They occur in case of an incorrect account of the scale, registration, or 
calculation. They usually are the easiest to fi nd as they differ very much from the rest of 
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the results. The obtained result should be eliminated and the test should be repeated, if 
possible. 

A criterion for the presence of a gross error is when the value of the examined vari-
able is out of the confi dence interval ( )x t s± ⋅ —in a known dispersion of the population, 

and respectively, ( )S
n

x t± ⋅ —in case of a work with a sample with volume n.

In statistical modeling it is accepted that systematic and gross errors are eliminated.
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II.5. REGRESSION ANALYSIS

Regression analysis is one of the fi rst methods for construction and evaluation of models of 
multifactorial objects based on the results of experiments. Regression or regression equa-
tion is the relation between the random variable, Y, and one or more variables X1, X2, ..., Xm, 
which may be random or nonrandom. Regression is the conditional mathematical expectation 
of a random variable Y, provided that X1, X2, ..., Xm have certain predefi ned values 
x1, x2, ..., xm, i.e., М (Y / X1 = х1, X2 = х2, ..., Xm = хm).

If Y is a continuous differentiable function of the factors, it can be situated in a Taylor 
series and, respectively, be approximated with polynomials. Polynomial equations are appropri-
ate when there are no abrupt variations of the output variable in a change of the input factors. 
This requirement is met in most of the cases in textile production. The general form of the 
polynomial regression model is
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Polynomial models can be used regardless of whether the factors are coded, normalized, or in 
natural units. They are the most widely accepted but are not the only regression models. Regres-
sion can be presented with random functions, fi, of the factors х1, х2, ..., хm:
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= ∑ . (ІI.5.2)

The fi rst task of regression analysis after the determination of the type of functions, fi, is 
fi nding the coeffi cients of the regression equation. They are determined from the experimentally 
obtained results. It is convenient to arrange the data as shown in Table ІI.5.1.

The real value of y is not known. What the experimenter has is the measured value of y at 
the uth measurement yu. For this reason, the real values of the parameters bi cannot be found, 
but just their evaluations bi. If in formula (ІI.5.2) the coeffi cients bi are replaced with the evalu-
ations bi, the following equation would be obtained:
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= ∑ . (ІI.5.3)
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It is obvious that the evaluations of the regression coeffi cients will be as much more exact 
as the margins ( ˆu uy y− ) called residuals are smaller. This is ensured by the requirement for 
the sum Qres to be minimal. Qres is the residual sum of the squares and shows the infl uence of 
 inadequacy and random error. It is defi ned as:

 ( )2

1

ˆ
N

res u u

u

Q y y
=

= −∑ , (ІI.5.4)

where yu is the measured value,
ˆ  is value calculated by the regression equation.
The method used is called “method of least squares.”

Replacing ˆuy  from formula (ІI.5.3) in formula (ІI.5.4), for the sum of the squares of the  residuals 
we get

 ( )2
1 1 2 2

1=

= − − − −∑ �
N

res u u u k ku
u

Q y b f b f b f . (ІI.5.5)

In order for Qres to be minimized, it is defi ned in relation to the unknown evaluations and its fi rst 
derivatives are equaled to zero: 
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. (ІI.5.6)

Table II.5.1. Data arrangement for conduction of regression analysis

Number x1 x2 x3 … xm y

1 x11 x21 x31 … x m1 y1

2 x12 x22 x32 … x m2 y2

… … … … … … …
u x1u x2u x3u … xmu yu

… … … … … … …
N x1N x2N x3N … xmN yN
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After opening the brackets and placing of
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 (ІI.5.7)

the system of equations (ІI.5.6) looks in the following way:

 

1 11 2 12 1 1

1 21 2 22 2 2
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. (ІI.5.8)

It is called a system of normal equations. When it is solved, the values of the evaluations of the 
regression coeffi cients b1, b2, …, bk are obtained. Very often the system of normal equations is 
entered in a matrix form as the following notations are used: 

• Matrix of the design of the experiment (N × m)—every row of the matrix contains the 
values of the factors which are given during the tests: 

11 21 1

12 22 2

1 2

...

...
.

... ... ... ...

...

=

m

m

N N mN

x x x

x x x
X

x x x

• Extended matrix of the design (N × k)—elements of each row are obtained as in the 
functions, f1, f2, …, fk, the values of х1, х2, ..., хm are replaced from the corresponding 
row of Х:

11 21 1

12 22 2

1 2

...

...
.

... ... ... ...

...

=

k

k

N N kN

f f f

f f f
F

f f f

• N-dimensional vector of the results from the tests: 

1

2 .
...

=

N

y

y
y

y
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• Information matrix of the design (k × k)—the elements of the matrix are calculated from 
formulae (ІI.5.7) and (ІI.5.8):

11 21 1

12 22 2

1 2

...

...

... ... ... ...

...

k

k

k k kk

g g g

g g g
G

g g g

= .

• Covariance matrix (k × k)—reciprocal to the G-matrix:

11 21 1

12 22 21

1 2

...

...

... ... ... ...

...

k

k

k k kk

c c c

c c c
C G

c c c

−= = .

• k-dimensional vector of the evaluation of the regression coeffi cients: 

1

2

...

k

b

b
b

b

= .

• k-dimensional vector z = G · b:

1

2

...

k

z

z
z

z

= .

The evaluations obtained by the least squares method are: 

• undisplaced—M{bi} = βi, i = 1, 2, …, k
• consistent—with N → ∞ the evaluations bi with a probability 1 tend to the real values 

of the coeffi cients βi
• effi cient—the determinant of their covariance matrix is smaller than the determinant of 

the covariance matrix of any other evaluations, that is, { }cov minb → .

When the regression equation has the following form: 

 
0 1y b b x= + , (ІI.5.9)
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that is, the model to be found is a polynomial of the fi rst order with one factor, the evaluations 
of its coeffi cient are determined as: 

 1
y

xy
x

S
b r

S
=  (ІI.5.10)

 
0 1b y b x= − , (ІI.5.11)

where rxy is the linear correlation coeffi cient of the normally distributed variables x and y,
x  and y  are the arithmetic mean values of the two random variables determined by the 

experiment, 
Sx and Sу are the standard deviations of the variables determined by the experiment. 

The statistical evaluations calculation is clarifi ed in Section I.3. After calculation of the 
evaluations bi, the model can be written but not used. Before it is applied, it should be verifi ed 
whether it is adequate, that is, whether the forecasted values correspond to the measured ones 
to a suffi cient degree. For verifi cation of the adequacy, the residual sum of the squares Qres is 
used, from which the residual dispersion is calculated:

 ( )22

1

1
ˆ
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res u u

u

S y y
N k =

= −
− ∑ . (ІI.5.12)

2
resS  characterizes the dispersion of the experimentally determined values, yu, around the 

ones calculated by the model, ˆuy , as the degrees of freedom are obtained when the number of 
linear relations between the tests, k (the number of coeffi cients), is deducted from the number 
of tests N. It is compared with the evaluation of the random error 2Se  variance determined on 
the grounds of l additional tests (usually l = 5–10) conducted in one and the same technological 
regime. The verifi cation is done according to the Fisher criterion:
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2
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R
S

F
Se

= , (ІI.5.13)

as the higher of the two evaluations is written in the numerator. Usually 2 2
resS Se> because 

2 2
res es s> . The table value of the Fisher criterion under the following conditions FT (a, f1 = N – k, 

f2 = l – 1) is taken from Appendix 3 and a comparison is made.

• If FR ≤ FT , the model is adequate.
• If FR > FT , the model is inadequate.
• If 2 2

resS Se< , the variance relation is written down:

 
2

2R
res

S
F

S
e= . (ІI.5.14)
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The model is adequate if FR ≤ FT . If FR > FT , most likely a mistake has been made because 
always 2 2

res es s>  (residual variance is caused both from inadequacy or a random disturbance). 
In some cases (e.g., in the event of a passive experiment), no additional test can be conducted 
for determination of 2Se . In this case, the coeffi cient of multiple correlation, R, can be used for 
evaluation of the model. It can be obtained through examination of the dispersion of the output 
variable around its mean value and it is determined from the total of the squares: 

 ( )2

1

n

R res u

u

Q Q Q y y
=

= + = −∑ , (ІI.5.15)

where QR is a sum showing the deviations from the mean value, y , caused by the infl uence of 
the factors included in the regression model. It is determined by the formula

 ( )2
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ˆ
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R u

u

Q y y
=

= −∑ . (ІI.5.16)

The mean value y  is determined from the measured values:
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y y
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= ∑ . (ІI.5.17)

Coeffi cient of multiple correlation (of determination) is the following variable:

 1 resR QQ
R

Q Q
= = − . (ІI.5.18)

If the infl uence of all factors affecting the output parameter is taken into account, Q = QR, 
Qres = 0, then the coeffi cient of multiple correlation R = 1. If the regression model does not show 
the infl uence of any of the factors correctly, then R = 0. The closer the value of the coeffi cient of 
multiple correlation is to zero, the greater the possibility for the model to be accurate is.

However, not only the value of R is an indication for the accuracy of the model. It can be 
1 even when the number of tests, N, is equal to the number of coeffi cients in the model, k. In this 
case, the degrees of freedom fres = N – k = 0 and there is no ground for verifi cation of adequacy. 
The reliability of the conclusions regarding the model is higher when the number of degrees of 
freedom, fres, is higher. For elimination of this drawback of the multiple correlation coeffi cient, 
calculation of the so-called adjusted coeffi cient of multiple correlation is suggested.

The adjusted coeffi cient of multiple correlation is an index showing the number of regres-
sion parameters in a function of the number of tests: 

 2 1
1 (1 )ad

N
R R

N k

−
= − −

−
, (ІI.5.19)

where N is the number of tests,
k is the number of regression coeffi cients in the model.
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The regression analysis also includes the calculation of the standard residual error: 

 resQ
S

N k
=

−
. (ІI.5.20)

The Fisher criterion is used for evaluation of the signifi cance of multiple correlation coef-
fi cient and its value is

 
2

2

/ ( 1) ( )

/ ( ) (1 )( 1)
R

R
res

Q k R N k
F

Q N k R k

− −
= =

− − −
. (ІI.5.21)

If FR > FT (a, f1 = fR = k – 1, f2 = fres = N – k), the correlation coeffi cient is signifi cant (the model 
is adequate) and vice versa—if FR ≤ FT , the correlation coeffi cient is insignifi cant (the model 
is inadequate). Sometimes the absolute value of some of the evaluations of the coeffi cients in 
the regression model is close to zero and this, most likely, is due only to the variations caused 
by the random character of phenomena. Such evaluations are insignifi cant and can be excluded 
from the model, thus increasing the degrees of freedom, f2.

The verifi cation of the coeffi cients of regression equation’s signifi cance is brought to veri-
fi cation of the equality of a given value to zero and is done with the Student’s t-criterion. The 
following variable is calculated for all independent coeffi cients:
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= i
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ii
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c S
, (ІI.5.22)

where cii are the values of the diagonal elements from the covariance matrix, 
2Se —the random error variance determined by l additional tests.

The coeffi cients of the regression equation are insignifi cant when:

 , 1
2it t f l
a⎛ ⎞≤ = −⎜ ⎟⎝ ⎠

. (ІI.5.23)

The verifi cation is not correct for those coeffi cients of the regression equations, bi, which have 
nonzero covariance with other evaluations, that is, some of the elements of the covariance 
matrix, cij ≠ 0. In the full and the fractional factorial experiments (Sections II.6 and II.7), the 
matrix is diagonal and the diagonal elements are equal to each other:

 
1

iic
N

= , (ІI.5.24)

where N is the number of tests in the design.
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Example

The irregularity of a cotton sliver is measured at the exit of drawing frame as the work has 
been done in 12 different technological regimes. The movement of the fi bers in the draw-
ing device is simulated with a computer program and the forecasted values of irregularity 
are calculated. The dependency between the measured CVmeas and the forecasted (from the 
simulation) results shown in Table ІI.5.2 should be determined.

Table II.5.2. Measuring and simulation results

 CVmeas 5.91 6.18 6.00 5.94 6.17 5.85 6.49 6.70 6.18 6.35 6.16 5.95
CVsim 5.61 5.93 5.67 5.70 5.80 5.52 6.32 6.29 5.93 5.90 5.83 5.70

The problem is broken down to the determination of a relation between one input and one 
output parameter, that is, to the regression equation from the type (ІI.5.9). The measured 
irregularity is chosen for an input parameter х, and the prognosis for an output parameter у. 
Its evaluations and coeffi cients are determined according to formulae (ІI.5.10) and (ІI.5.11).

The following are determined in advance:

The mean value of х: 6.157x = %
The mean value of у: 5.850y = %
The standard deviation of х: 0.255xS = %
The standard deviation of у: 0.248yS = %
The linear correlation coeffi cient of х and у (according to formula (I.5.1)): 0.95xyr = .

Afterward, the coeffi cients are determined:

1
0.248

0.95 0.925
0.255

y
xy

x

S
b r

S
= = =  and

0 1 5.85 0.925 6.157 0.155b y b x= − = − × = .

The dependency between the two random variables and the regression equation are shown 
graphically in Figure ІI.5.1.

Figure II.5.1. Graphical dependency between the measuring and simulation results.

Regression equation
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Example

The infl uence of the following characteristics of fi bers on the specifi c yarn tenacity, 
y (cN/tex), should be determined:

х1—staple length, mm,
х2—Pressley index of strength,
х3—micronaire value,
х4—trash quantity, %,
х5—short fi ber content, %.

The data for the fi bers and the mean values obtained for the yarn tenacity are shown in 
Table ІI.5.3.

Table II.5.3. Measured fi ber and yarn characteristics

Variant Staple length
Pressley 

index Micronaire Trash
Short fi bre 

content
Yarn 

tenacity

 1 33.19 8.46 3.5 2.49 12.56 9.7
 2 32.97 8.12 3.4 2.79 13.75 10.1
 3 33.11 7.38 3.5 3.11 11.37 10.1
 4 33.18 8.03 3.5 3.18 12.25 9.7
 5 33.08 8.07 3.6 3.37 11.75 9.7
 6 33.65 7.69 3.6 3.40 12.35 10.4
 7 33.63 8.11 3.6 3.58 12.51 10.4
 8 32.65 8.26 3.4 4.35 15.02 9.5
 9 32.70 8.05 3.5 3.41 15.55 10.2
10 33.66 7.73 3.4 3.30 13.98 10.8

A universal program as Microsoft Offi ce Excel can be used for derivation of a linear regres-
sion model. The subprogram making the necessary calculations and presenting them in the 
form of tables is called Regression and is in the Data Analysis menu.

After determination of the location of input data, the desired confi dence level (95%), 
and the initial cell for situation of the output tables, the program derives the following results 
given in Table ІI.5.4.

Table II.5.4. Summary output from Excel

Summary Output

Regression statistics

Multiple R 0.976354609
R Square 0.953268322
Adjusted R Square 0.894853724
Standard Error 0.132556067
Observations 10

(Continued)
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As the sign of the zero coeffi cient is negative, the direction of infl uence of the separate 
factors is opposite to the sign before the coeffi cient, that is, the tenacity increases with an 
increase of the strength of the fi bers, decrease in the micronaire value, and so on.

ANOVA

 df SS MS F Signifi cance F

Regression 5 1.433715556 0.28674311 16.3190086 0.009111789
Residual 4 0.070284444 0.01757111
Total 9 1.504    

 Coeffi cients
Standard 

error t-Stat P-value
Lower 
95%

Upper 
95%

Intercept –18.6137336 5.489590201 –3.3907328 0.02751139 –33.8553111 –3.37216
X Variable 1 0.843816236 0.143665275 5.87348776 0.00419737 0.444936659 1.242696
X Variable 2 –0.88445364 0.193219969 –4.5774443 0.01020315 –1.42091939 –0.34799
X Variable 3 1.41853217 0.795481845 1.78323638 0.14912085 –0.79008408 3.627148
X Variable 4 –0.27125565 0.108129 –2.5086299 0.06615402 –0.5714705 0.028959
X Variable 5 0.281201747 0.05369104 5.23740545 0.00635149 0.132131212 0.430272

In the upper part, the results of the regression analysis are shown: the coeffi cient of 
multiple correlation, the square of the multiple correlation, the adjusted coeffi cient of the mul-
tiple correlation, the standard error, and the number of observations on grounds of which the 
calculations are done. In the middle part, the results from the dispersion analysis (ANOVA) 
are shown: the degrees of freedom, the sums of the squares (from the regression, the residual, 
and the total), the dispersions (from the regression and the residual), the accounted, and the 
table values of the Fisher distribution. In the lower part of the table, the calculated values of 
the regression coeffi cients (the 0 and 1 and the ones before the separate factors) are shown as 
well as the standard errors, the values ti, the percentage error, the upper and the lower bounds 
of the regression coeffi cients’ evaluations with a confi dence level of 95%.

As the coeffi cient of the multiple correlation is very high, R = 0.976, and FR = 16.319 > 
FT = 0.009, the model obtained is adequate and can be written in the following way:

1 2 3 4 518.614 0.844 0.884 1.419 0.271 0.281y x x x x x= − + × − × + × − × + × .

It can be seen from it that the strongest infl uence on the yarn tenacity is the fi neness of 
the fi bers (the micronaire value) which determines the number of fi bers in the section of the 
yarn, followed by the strength of the fi bers (the Pressley index), and their staple length, and 
the weakest infl uence—the content of impurities and short fi bers.

(Continued)
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II.6. FULL FACTORIAL EXPERIMENT

Often, for description of experimental conditions models are used in which factors enter only in 
the fi rst degree or in products with other factors (in interactions):

 0
1

ˆ
= > > >

= + + + +∑ ∑ ∑ �
n

i i ij i j ijk i j k
i i j i j k

y b b x b x x b x x x  (II.6.1)

For derivation of the model, it should be possible for all factors to be modifi ed independently 
of each other and they should be coded in advance by formula (II.3.3). When coded in this way, 
the area of variance of the factors is determined by the inequalities: 

 1 1,ix− ≤ ≤  i = 1, 2, …, m. (II.6.2)

Full factorial experiment (FFE) is an experiment in which all possible combinations on 
two levels of the factors (upper +1 and lower –1) are realized. The number of these combina-
tions for m factors is

 N = 2m. (II.6.3)

The design of the experiment with two input factors is given in Table II.6.1 and with three fac-
tors in Table II.6.2.

The following rule is convenient to be applied for its preparation: the signs of the factor 
x1 change in an interval of one level, of x2 in an interval of two levels, of x3 in an interval 
of four levels and so on, on the degrees of the number 2. The sign (+) corresponds to +1 
and the sign (–) corresponds to –1. The column for x0 always equals 1 as x0 is a fi ctitious 
 variable introduced because of b0. The examined designs have a simple geometrical inter-
pretation (Figure II.6.1). The area of variance of the factors with (a) two input factors is a 
square and (b) with three  factors a cube. The points of the design correspond to the vertices 
of the square/cube.
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Table II.6.1. Design of the experiment 
with two input factors

Number x0 x1 x2 y

1 + – – y1

2 + + – y2

3 + – + y3

4 + + + y4

Table II.6.2. Design of the experiment with 
three input factors

Number x0 x1 x2 x3 y

1 + – – – y1

2 + + – – y2

3 + – + – y3

4 + + + – y4

5 + – – + y5

6 + + – + y6

7 + – + + y7

8 + + + + y8

(b)

x2

x1

x3

(a)

x2

x1

Figure II.6.1. Geometrical interpretation of experimental points.

PROPERTIES OF THE EXTENDED MATRIX OF FFE

1. The total of the elements of each column (factor) equals zero:

 
1

0
N

ij

j

x
=

=∑   for i = 1, 2, 3, …, m—number of the factor. (II.6.4)



PART II: FULL FACTORIAL EXPERIMENT  •  125

2. The total of the squares of the elements of each column equals the number of tests N:

 2

1
ij

N

j

x N
=

=∑   for i = 0, 1, 2, …, m. (II.6.5)

3. The total of the element products of any two columns equals zero:

 
1

0
N

ij lj

j

x x
=

=∑   for i, l = 0, 1, 2, …, m (i ≠ l). (II.6.6)

TYPES OF MATRICES

• Unsaturated matrix is a matrix in which the number of tests N > M (number of 
 coeffi cients in the model). In this case, all coeffi cients of the regression equation 
can be determined and at least one order remains free for verifi cation of the model 
adequacy.

• Saturated matrix is the matrix when N = M. All coeffi cients of the regression equation 
can be determined but the adequacy of the model cannot be verifi ed. 

• Supersaturated matrix is a matrix in which N < M. Only some of the coeffi cients of 
the regression equation can be determined and the adequacy of the model cannot be 
verifi ed.

STAGES OF DERIVATION OF THE MODEL

1. Calculation of coeffi cients
Calculation of coeffi cients is realized by the following formulas:
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= ∑   (for zero coeffi cient) (II.6.7)
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= ∑   (for linear coeffi cients) (II.6.8)
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b x x y
N =

= ∑   (for double interactions) (II.6.9)
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1
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ilk ij lj kj j

j

b x x x y
N =

= ∑   (for triple interactions). (II.6.10)
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2. Verifi cation for reproducibility of the process
As the verifi cation for reproducibility of the process is a verifi cation of equality of more 
than two dispersions, it is conducted according to the Cochran criterion:
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j

S
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S
=

=

∑
 (II.6.11)

The table value is accounted from Appendix 5 under the following conditions 
GT (a,  f1 = n – 1,  f2 = N ) where n is the number of tests for determination of yj, respec-
tively 2

jS (  j = 1, 2, …, N ). If GR ≤ GT, the dispersions are uniform and the process is 
 reproducible and vice versa, if GR > GT the process is irreproducible.

3. Calculation of dispersion of the test
If the process is reproducible, the dispersion of the test is determined as

 2 2

1

1
.

N

y jS S
N

= ∑  (II.6.12)

If the process is irreproducible, the dispersion of the test is determined in the classical 
manner (the deviation of separate values from the mean value): 

 ( )22

1 1
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N n

y uj jS y y
N n

= −
− ∑∑  (II.6.13)

4. Determination of dispersion of regression coeffi cients
It is determined from the dispersion of the test as the product is divided by the number 
of tests (the combination of input factors) N and the number of tests for determination of 
the output variable n:

 2 21
( ) .i yS b S

N n
=

⋅
 (II.6.14)

5. Verifi cation of signifi cance of calculated regression coeffi cients
The Student criterion is used. Only those coeffi cients are signifi cant for which the 
 following is valid:

 ( ),i T ib t S b≥ ⋅  (II.6.15)

as tT (α = 0.05, f = N(n – 1)).
6. Registration of the derived model

The regression coeffi cients for which condition (II.6.15) is not fulfi lled are ignored and 
the obtained model is registered.
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7. Verifi cation of adequacy of the model
For evaluation of the deviations of values calculated by the model from the real 
( measured) values, the variance of adequacy is calculated: 

 ( )22

1

ˆ ,
N

ad j j

j

n
S y y

N M =

= −
− ∑  (II.6.16)

where M is the number of signifi cant coeffi cient (after the elimination of the insignifi cant),
ˆ jy is the value calculated by the model,

jy is the mean value from the results measured for each combination of input 
 factors.

The calculated value of the Fisher’s criterion is determined as the dispersion of adequacy 
2
adS  is compared to the dispersion of the test 2:yS
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S
F

S
=  (II.6.17)

The table value of Fisher’s distribution is determined under the following conditions: 
FT (a = 0.05, f1 = N – M, f2 = N – n). If ,R TF F≤  the model is adequate. Otherwise it is 
inadequate and cannot be applied. 

Example

A regression equation has to be derived for the infl uence of three input factors on an output 
parameter. The natural values of the levels of the factors and the variance interval are given 
in Table II.6.3.

Table II.6.3. Natural values of the levels of the 
factors and variance interval

Levels of the factors х1 х2 х3

X0,i—zero level 550 3 10
Ji—variance interval  50 1  5
Xu,i —upper level 600 4 15
Xl,i—lower level 500 2  5

A FFE is conducted with 23 = 8 tests as a design of the experiment has been  prepared, 
 corresponding to the one in Table II.6.2. Table II.6.4 is supplemented as the double 
 interactions and the triple interaction are added. 

(Continued)
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Table II.6.4. FFE table for the example

Number x0 x1 x2 x3 x1x2 x1x3 x2x3 x1x2x3 Randomization yuj jy Sj
2 ˆ jy ˆ( )− 2

j jy y

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15  16 17 18 19
1 + – – – + + + –  1 17  9  8 11  8   9  3  9 0
2 + + – – – – + + 16 10 18 13 15 11  13  4 13 0
3 + – + – – + – +  8 19  2 14 16 12  14  4 14 0
4 + + + – + – – – 20 11 15 20 18 16  18  4 18 0
5 + – – + + – – +  3 24  7 16 15 14  15  1 15.5 0.25
6 + + – + – + – – 14 12 21 22 20 18  20  4 19.5 0.25
7 + – + + – – + –  6 23  4 17 16 15  16  1 15.5 0.25
8 + + + + + + + + 22  5 13 21 19 17  19  4 19.5 0.25

Σ = 124 25 1
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For elimination of random infl uences, three measurements of the output parameter are 
made. The order of conducting the tests is determined on a random basis and it is given in 
the  column “Randomization.” The results of the conducted tests are presented in columns 
13–15. The mean value jy  and the variance Sj

2 for each combination of the input factors is 
given in columns 16 and 17, respectively. 

CALCULATION OF COEFFICIENTS

0

1

1 124
15.5;

8

N

j

j

b y
N =

= = =∑

1 1

1

1 9 13 14 18 15 20 16 19
2,

8

N

j j

j

b x y
N =

− + − + − + − +
= = =∑

2 2

1

1 9 13 14 18 15 20 16 19
1.25,

8

N

j j

j

b x y
N =

− − + + − − + +
= = =∑

3 3

1

1 9 13 14 18 15 20 16 19
2,

8

N

j j

j

b x y
N =

− − − − + + + +
= = =∑

12 1 2

1

1 9 13 14 18 15 20 16 19
0.25,

8

N

j j j

j

b x x y
N =

+ − − + + − − +
= = = −∑

13 1 3

1

1 9 13 14 18 15 20 16 19
0,

8

N

j j j

j

b x x y
N =

+ − + − − + − +
= = =∑

23 2 3

1

1 9 13 14 18 15 20 16 19
1.25,

8

N

j j j

j

b x x y
N =

+ + − − − − + +
= = = −∑

123 1 2 3

1

1 9 13 14 18 15 20 16 19
0.25.

8

N

j j j j

j

b x x x y
N =

− + + − + − − +
= = = −∑

VERIFICATION OF REPRODUCIBILITY OF THE PROCESS

It is done with the Cochran criterion:

2
max

2

1

4
0.16.

25R N

j

j

S
G

S
=

= = =

∑

The table value is accounted from Appendix 5 under the following conditions GT (a = 0.05, 
f1 = 3 – 1 = 2,  f2 = 8) = 0.506. As GR ≤ GT , variances are uniform and the process is  reproducible.

(Continued)
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CALCULATION OF THE TEST VARIANCE

The process is reproducible, it is determined with:

 

2 2

1

1 25
3.125.

8

N

y jS S
N

= = =∑
 

DETERMINATION OF THE VARIANCE OF REGRESSION COEFFICIENTS

 
2 21 3.125
( ) 0.13.

24i yS b S
N n

= = =
⋅  

VERIFICATION OF THE SIGNIFICANCE OF REGRESSION COEFFICIENTS

From Appendix 1, the value of Student’s distribution is accounted under the following 
 conditions tT (α = 0.05, f = 8 × (3 – 1) = 16) = 2.12. Signifi cant are those coeffi cients that are 
higher in an absolute value than:

( ) 2.12 0.13 0.765,T it S b⋅ = × =

that is, the coeffi cients b0, b1, b2, b3, and b23. The rest of them should be ignored.

REGISTRATION OF THE DERIVED MODEL

After the elimination of the insignifi cant coeffi cients, the model takes the following form:

ŷ  = 15.5 + 2x1 + 1.25x2 + 2x3 – 1.25x2x3.

CALCULATION OF THE VALUES OF THE OUTPUT VARIABLE ON THE MODEL

The values of ˆ jy are calculated, x1, x2, x3 and x2x3 are replaced with values (+1) or (–1) in the 
model depending on their values for the corresponding test. The obtained calculated values 
are shown in column 18 of Table II.6.4.

VERIFICATION OF THE MODEL ADEQUACY

The adequacy dispersion is calculated from the measured and calculated values using formula 
(II.6.16) as it is taken into account that the signifi cant coeffi cients in the model are М = 5:

(Continued)
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As the adequacy dispersion is lower than the test variance, the calculated criterion of Fisher 
is calculated as

2

2

3.125
3.125.

1
y

R
ad

S
F

S
= = =

The tabular value of Fisher distribution is (a = 0.05,  f1 = 8 – 5 = 3,  f2 = 8 × (3 – 1) = 16) = 
3.24. As ,R TF F<  the model is adequate.
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II.7. FRACTIONAL FACTORIAL 
EXPERIMENT

In case of a large number of input variables, the use of a full factorial experiment is practically 
impossible. For example, with a number of factors m = 5, the number of tests that have to be 
conducted in order for all coeffi cients to be determined is N = 32 and with m = 10 the number 
of tests is N = 1024. However, practice shows that in most cases the coeffi cients before the 
 interactions, especially the ones with a big number of factors, are insignifi cant.

Fractional factorial experiment (FrFE) is used when the aim is only for the coeffi cients 
before the separate factors to be found without determining the coeffi cients before the different 
interactions. It consists of a replacement of some interactions (especially the ones with many 
factors) with new factors. In this case, all characteristics of a full factorial experiment remain the 
same. Usually a fractional factorial experiment is applied for a number of input factors m > 4.

Fractional replica is a design containing a part of the tests of a full factorial experiment. 
The degree of fractionality is determined by the number of interactions replaced with a new 
factor. The parities obtained are called generating correlations. For example, if the evaluations 
of the coeffi cients in the following model have to be found:

 0 1 1 2 2 3 3ˆ ,= + + +y b b x b x b x  (ІI.7.1)

four tests are necessary for their determination because the coeffi cients to be found are 4. The 
factor x3 can be obtained by the generating correlation (GC):

 3 1 2 ,=x x x  (ІI.7.2)

and its coeffi cient b3 is a mixed evaluation for β3 and β12:

 b3 → β3 + β12. (ІI.7.3)

When the area of variance of the factors is small the model can be considered linear and the 
interactions practically do not exist (β12 = 0), that is, the coeffi cient b3 will evaluate only β3.

The number of tests in fractional replicas is determined when the number of tests of the full 
factorial experiment is divided by one of the orders of the number 2:

 2 ,−= m pN  (ІI.7.4)
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where р is the number of generating correlations or the degree of fractionality. The number of 
tests for the most commonly used replicas is

• 1/2 replica (semireplica) 1
1

2
2

2

m
m

FrFEN −= =

• 1/4 replica (quarter-replica) 2
2

2
2

2

m
m

FrFEN −= =

• 1/8 replica (one-eighth–replica) 3
3

2
2

2

m
m

FrFEN −= =

STAGES OF CONSTRUCTION OF A FRACTIONAL FACTORIAL 
EXPERIMENT

1. The minimum number of tests for determination of the coeffi cients is set: 

 Nmin ≥ m + 2, (ІI.7.5)

where m is the number of factors. The additional tests are two (one for the zero  coeffi cient 
and one for verifi cation of the model adequacy).

2. The level of fractionality p is set so that:

 2 .−> m p
FrFEN  (ІI.7.6)

3. (m – р) main factors are chosen, the other p are additional and will be introduced with the 
help of generating correlations.

4. Full factorial experiment is constructed for the main factors.
5. The generating correlations are given as the additional factors are equalized with the 

products of highest order of the main factors.
6. The table of the design is complemented with the generating correlations. 

The so-called determining contrasts (DC) are used for clarifying the method of mixing the 
evaluations. Determining contrast is obtained when the two sides of the generating correlation 
are multiplied by the additional factor. For the example above:

 2
3 1 2 3.= =DC x x x x  (ІI.7.7)

When the generating correlations, respectively the determining contrasts are more than one, 
generalized determining contrast (GDC) is set. It is all the possible combinations of the 
 determining contrasts. In order to determine which coeffi cients are mixed, the determining 
contrast, respectively the generalized determining contrast, is multiplied by each member of the 
model. The calculation of coeffi cients and the verifi cation of their signifi cance and adequacy of 
the model are the same as in the full factorial model.
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Example

A design of a fractional factorial experiment should be composed with the help of which 
the strength of the sized warp yarn should be examined depending on seven input factors: 

х1—percentage of size (%)
х2—temperature of size (оС)
х3—concentration of size (%)
х4—pressure of squeezing rollers (Ра)
х5—sizing speed (m/min)
х6—drying time (min)
х7—temperature of drying of the warp (оС).

The method of mixing the coeffi cients should be determined.

DETERMINATION OF THE MINIMUM NUMBER OF TESTS FOR DERIVING 

A LINEAR MODEL 

N > 7 + 2 = 9
22 4 9N = = < —insuffi cient number of tests 
32 8 9N = = < —insuffi cient number of tests
4 7 32 2 16 9N −= = = > —the number of tests is suffi cient as the main factors are 4 and the 

additional (m – p) = 3

CHOICE OF MAIN AND ADDITIONAL FACTORS

We choose х1, х2, х3, and х4 to be the main factors.
Possible combinations of the main factors are determined:

 х1х2; х1х3; х1х4; х2х3; х2х4; х3х4;
х1х2х3;  х1х2х4;  х1х3х4;  х2х3х4;  х1х2х3х4.

The last three combinations are chosen to be the generating correlations: 

х5 = х1х3х4;  х6 = х2х3х4;  х7 = х1х2х3х4.

COMPOSING THE DESIGN OF THE EXPERIMENT

The plan of the experiment is presented in Table ІI.7.1.

(Continued)
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Table ІI.7.1. Plan of the experiment for the example

Number x1 x2 x3 x4 х5 = х1х3х4 х6 = х2х3х4 х7 = х1х2х3х4 y

1 + + + + + + + y1

2 – + + + – + – y2

3 + – + + + – – y3

4 – – + + – – + y4

5 + + – + – – – y5

6 – + – + + – + y6

7 + – – + – + + y7

8 – – – + + + – y8

9 + + + – – – – y9

10 – + + – + – + y10

11 + – + – – + + y11

12 – – + – + + – y12

13 + + – – + + + y13

14 – + – – – + – y14

15 + – – – + – – y15

16 – – – – – – + y16

SETTING THE DETERMINING CONTRASTS

2
1 5 1 3 4 5 1DC x x x x x= = =

2
2 6 2 3 4 6 1DC x x x x x= = =

2
3 7 1 2 3 4 7 1.= = =DC x x x x x x

SETTING THE GENERALIZED DETERMINING CONTRAST

1 2 3 1 2 1 3 2 3

1 2 3 1.

= = = = ⋅ = ⋅ = ⋅
= ⋅ ⋅ =

GDC DC DC DC DC DC DC DC DC DC

DC DC DC

When we take into account that in the presence of a factor in the second order the GDC 
always is one, we get the following: 

1 3 4 5 2 3 4 6 1 2 3 4 7 1 2 5 6 2 5 7 1 6 7

3 4 5 6 7

= = = = = =
=

GDC x x x x x x x x x x x x x x x x x x x x x x x

x x x x x

(Continued)
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MIXING THE COEFFICIENTS

In order to determine for which coeffi cients the coeffi cient b1 is a mixed evaluation, the 
generalized determining contrast is multiplied by х1.

1 1 1 1 3 4 5 3 4 5,⋅ = =x DC x x x x x x x x

1 2 1 2 3 4 6,⋅ =x DC x x x x x

1 3 1 1 2 3 4 7 2 3 4 7 ,⋅ = =x DC x x x x x x x x x x

1 1 2 1 1 2 5 6 2 5 6,⋅ ⋅ = =x DC DC x x x x x x x x

1 1 3 1 2 5 7 ,⋅ ⋅ =x DC DC x x x x

1 2 3 1 1 6 7 6 7 ,⋅ ⋅ = =x DC DC x x x x x x

1 1 2 3 1 3 4 5 6 7.⋅ ⋅ ⋅ =x DC DC DC x x x x x x

The evaluation b1 evaluates the coeffi cient β1 and the coeffi cients before the products 
obtained above:

1 1 345 12346 2347 256 1257 67 134567.b b b b b b b b→ + + + + + + +b

Mixing shows that alternation of (+) and (–) in the columns of the design corresponding to 
these products is the same, that is, only one coeffi cient can be determined from the specifi ed 
ones and for our task this will be the coeffi cient before the factor х1.

The evaluation b2 evaluates the coeffi cient β2 and the coeffi cients:

2 2 12345 346 1347 156 57 1267 234567 ,b b b b b b b b→ + + + + + + +b

which are determined when the generalized determining contrast is multiplied by х1.
Mixings for the other linear coeffi cients are determined in an analogical way:

3 3 145 246 1247 12356 2357 1367 4567 ,b b b b b b b b→ + + + + + + +b

4 4 135 236 1237 12456 2457 1467 3567 ,b b b b b b b b→ + + + + + + +b

5 5 134 23456 123457 126 27 1567 3467 ,b b b b b b b b→ + + + + + + +b

6 6 13456 234 123467 125 2567 17 3457 ,b b b b b b b b→ + + + + + + +b

7 7 13457 23467 1234 12567 25 16 3456.b b b b b b b b→ + + + + + + +b

The mixings of the coeffi cients for the interactions that are not replaced with generating 
 correlations can also be determined. The number of coeffi cients before the interactions that 
can be determined is: N − k − 2 = 16 − 7 − 2 = 7. Let’s assume that these are the fi rst seven 
of the combinations of interactions listed above. The last three are used for generating cor-
relations and only the coeffi cient before the eighth interaction х1х2х4 cannot be determined. 
 Theoretically, it can be calculated but in this case no degree of freedom will remain for 
verifi cation of the model. 

If the coeffi cient b12 is determined it will evaluate:

12 12 2345 1346 347 56 157 267 1234567.b b b b b b b b→ + + + + + + +b

The indices are obtained when the generalized determining contrast is multiplied by х1х2. 
The mixings of the coeffi cients х1х3, х1х4, х2х3, х2х4, х3х4, х1х2х3 in an analogical way. 

These mixings are determined rarely as the practice is to determine only the linear 
 coeffi cients.
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II.8. STATISTICAL METHODS FOR 
MOVEMENT TO AN OPTIMAL AREA

The aim of the production processes and objects investigation, most often, is their optimization, 
that is, fi nding values of the factors which give the best result. The desired result, depending on 
the indicator, can be both the minimum and the maximum value of the target function. This is 
why the task of optimization is usually regarded as a task for fi nding an extremum. When the 
extremum of the target function is sought by means of an experiment, the following character-
istics should be considered:

1. Because of the presence of disturbing infl uences, the measured value of the optimization 
parameter is a random variable. 

2. Often, the experimenter does not know even the approximate location of the extremum. 

The fi rst characteristic determines the statistical nature of the methods for fi nding an extremum. 
The second one shows that if the experimenter decides to perform a mathematical description 
of the object in the whole area of factor change and then looks for the extremum, it will be 
very diffi cult for him. The bigger the factor change area is, the more complex the center of 
the experiment is. Therefore, the equation that describes it is more complex. This is why with 
experimental optimization, the movement to the extremum is done by successively studying 
the target surface with experiments and organizing steps towards improvement of the target 
function. 

There are a number of methods for movement to the extremum which mainly differ in 
the direction of the motion towards it which is hard to determine. Some of the most common 
methods are the Box–Wilson and the simplex methods.

BOX–WILSON METHOD

The method is also known as the steep ascend/descend method. Box and Wilson suggested 
fi nding the optimal conditions to be carried out in two stages. In the fi rst stage, there are 
fi rst-order local mathematical descriptions and movements in the direction of the gradient 
that are carried out to reach the extremum area. In the second stage, experimental plans are 
constructed which allow a more detailed study of the optimal area and they will be discussed 
in Section II.9. 
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CONDITION FOR APPLICATION OF THE METHOD

The method is applicable if the target function is a linear regression equation, with fi xed control 
parameters worked out through a full factorial experiment or a fractional factorial experiment, 
with the general form:

 1 1 2 2ˆ ...o n ny b b x b x b x= + + + +  (II.8.1)

and at least one signifi cant linear regression coeffi cient bi.

METHOD PRINCIPLE

If a series of experiments is performed in which for each subsequent version the factors хi vary 
proportionally to the product of the regression coeffi cient of the given factor and the range of 
its variation (bi·Ji), then such motion is the shortest way to the optimal area. The motion in 
the chosen direction continues until the optimal value is reached. After that, a new planned 
experiment is carried out with its center in the extremum. If at least one of the coeffi cients bi is 
different from zero, a new motion direction is sought. The method is represented graphically in 
Figure II.8.1. The main phases are:

• I is an experiment (FFT or FrFT) in the starting area;
• movement to the optimum area following the fi rst gradient direction;
• II is an experiment (FFT or FrFT) in the area, where the linear model deviates from the 

real experiment;
• movement to the optimum area following the second gradient direction;
• III is an experiment for obtaining of a more precise second-order model.

30
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607080
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Figure II.8.1. Graphical presentation of the method of Box and Wilson.
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METHOD APPLICATION CONDITIONS

1. Process manageability—ability to change the factors at different levels.
2. Reproducibility of the process—homogeneity of dispersions at the various points of the 

experiment. 
3. Stationarity of the process—at the same point, regardless of the time, the dispersion is 

constant.

DISADVANTAGES OF THE METHOD

1. Only one output parameter can be examined.
2. The information from the previous experiment cannot be used for the next one.

APPLICATION

This method is suitable for quick identifi cation of an optimal regime under laboratory condi-
tions. It will be clarifi ed with an example. 

Example

The optimal temperature t (°C) and concentration С (%) must be determined when dyeing of 
fabric to obtain a maximum degree of fi xation of the dye Q (%). The dyeing temperature is 
marked with х1 and the concentration of the dye solution with х2.

The main factor levels, the interval of variation, as well as their upper and lower levels 
are given in Table II.8.1.

Table II.8.1. Main factor levels, interval 
of variation, upper and lower levels

Factors х1 х2

хo,i 80 32.6
Ji  5 1
хu,i 85 33.6
хl,i 75 31.6

To work out a model, a full factorial experiment has been conducted with a number of tests 
N = 22 = 4. For each combination of factors, two tests are conducted at random. The values 
of the output parameter у1 and у2 are determined. The following statistical assessments are 
defi ned as well—average values yj,e and variances Sj

2. The results are presented in Table II.8.2.

(Continued)
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Table II.8.2. Experimental data and calculations for obtaining of the fi rst model

Number х1 х2 Randomization уj,1 уj,2 y Sj
2 yj,R (yj,e – yj,R)2

1 –1 –1 5 3 83.5 84.5 84 0.5 84.05 0.0025
2  1 –1 1 7 88 87 87.5 0.5 87.45 0.0025
3 –1  1 8 6 81 82.4 81.7 0.98 81.65 0.0025
4  1  1 4 2 85.5 84.5 85 0.5 85.05 0.0025

Σ = 2.48 0.01

Based on the above data, the coeffi cients of the regression equation are defi ned:

0 84 87.5 81.7 85 84.55,b = + + + =

1 84 87.5 81.7 85 1.7,b = − + − + =

2 84 87.5 81.7 85 1.2.b = − + − = −

A check for homogeneity of the variances is performed. Since the variances are more 
than two, the Cochran criterion is applied. Its expected value is determined according to 
formula (II.6.11):

2
max

2

1

0.98
0.395.

2.48R k

j

j

S
G

S
=

= = =

∑

The table value GT (a, f1 = n − 1, f2 = k) is accounted for in Appendix 5 as n is the number 
of experiments in the groups and k is the number of groups. The reported value is GT (0.05, 
f1 = 2 – 1 = 1, f2 = 4) = 0.907. Since GR ≤ GT it is accepted that the variances are homogenous 
and the process is reproducible.

The reproducibility of the process is the reason the variance of the test is defi ned as an 
average value of variances of the different tests [from formula (II.6.12)]:

( )2 2

1

1 1
0.5 0.5 0.98 0.5 0.62.

4

N

y jS S
N

= = + + + =∑

Dispersion of regression coeffi cients is determined according to formula (II.6.14):

2 21 1
( ) 0.62 0.078.

. 4 2i yS b S
N n

= = =
×

(Continued)
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The signifi cance check of the calculated regression coeffi cients is performed by the 

 Student’s t-criterion, as the variable 
( )i

T
S b

t
n

⋅  is determined. When tT (a = 0.05, f = N(n – 1) 

= 4 × (2 – 1) = 4) = 0.276, those coeffi cients are signifi cant, for which:

( ) 0.078
2.776 0.548.

2
i

i T
S b

b t
n

≥ ⋅ = × =

that is, both coeffi cients b1 and b2 are signifi cant.
The adequacy of the model, у = 84.55 + 1.7х1 – 1.2х2, is checked by fi rst calculating 

the expected values according to the model yj,R (penultimate column of Table II.8.2) and 
then calculating the squares of the deviations of the expected values from the experimental 
data (the last column of Table II.8.2). By the sum of the deviations of formula (II.6.16), the 
dispersion of adequacy is defi ned:

( )22
, ,

1

2
0.01 0.02,

4 3

N

ad j e j R

j

n
S y y

N M =

= − = =
− −∑  

where M = 3 is the number of  signifi cant coeffi cients. The dispersion of adequacy value is 
lower than the one of the  dispersion of the test, therefore the expected value of the Fisher 
criterion is defi ned as

2

2

0.62
31.

0.02
= = =y

R
ad

S
F

S

The table value of the Fisher’s distribution is determined under the following conditions: FT 
(a = 0.05, f1 = N – n = 4 – 2 = 2, f2 = N – M = 4 – 3 = 1) = 199.5. ,R TF F≤  that is, the model 
is adequate. 

As at least one regression coeffi cient is signifi cant and all the other requirements for the 
application of the method are met, we proceed to the procedure for movement to the extremal 
area. The work algorithm is the following:

1. A base factor is chosen.
The basic factor is chosen to be the one for which the product |bi·Ji| is greater.

|b1·J1| = |1.7 × 5| = 8.5  |b2·J2| = |–1.2 × 1| = 1.2

As |b1·J1| > |b2·J2|, then for base factor we choose the factor x1.
2. A base step is chosen and the variation step of the other factor.

Most often, the variation interval of the base factor is chosen, that is: SВ = S1 = 5. Based 
on this, the variation step of the factor x2 is calculated:

 

2 2
2

1.2 1
5 0.7.

1.7 5B
B B

b J
S S

b J

⋅ − ×
= = = −

⋅ ×
 (II.8.2)
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3. The expected values are calculated and compared to the experimental ones.
The expected values are calculated by the formula:

 

1 2
0 1 2

1 2

.R
S S

y b b b
J J

= + +  (II.8.3)

When the tendency of variation of the expected values matches with the ones of the 
experimental values, one experiment may be skipped and only an imaginary test may 
be performed. In Table II.8.3 the levels of the factors x1 and x2 are given, as well as the 
calculated (expected) yR, and the experimental results yE.

Table II.8.3. Computational table for moving to the optimal area

Factors x1 x2 yR yE

biJi 8.5 –1.2
Si 5 –0.7
Test 0 (main level) 80 32.6 84.55 86.6
Test 1 85 31.9 87.09 87.5
Test 2 (imaginary) 90 31.2 89.63 —
Test 3 95 30.5 92.17 91.7
Test 4 (imaginary) 100 29.8 94.71 – (92.2)
Test 5 105 29.1 97.25 92
Test 6 110 28.4 99.79 83.1

The zero test concurs with the center of the experiment. The expected value for it is 
yR = 84.55, and the value determined through an experiment yЕ = 86.6. Test 1 corresponds to 
levels of the factors x1,1 = x0,1 + S1 = 80 + 5 = 85 and x1,2 = x0,2 + S2 = 32.6 – 0.7 = 31.9. The 
expected value is

5 0.7
84.55 1.7 1.2 87.09.

5 1Ry
−

= + − =

Experimentally, the determined value yЕ = 87.5 also increases. This fact allows the next test to 
be only “imaginary.”

The expected value for Test 2 is determined:

2 5 2 ( 0.7)
84.55 1.7 1.2 89.63.

5 1Ry
× × −

= + − =

Test 3 concurs at levels of the factors x3,1 = x2,1 + S1 = 90 + 5 = 95 and x3,2 = x2,2 + S2 = 
31.2 – 0.7 = 30.5.
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The expected value is determined:

3 5 3 ( 0.7)
84.55 1.7 1.2 92.17,

5 1Ry
× × −

= + − =

as well as the experimental value yЕ = 91.7. The tendency for increase in the output parameter is 
valid, both, for the expected and for the experimental values. This is why Test 3 is “imaginary.” 
The expected value is

4 5 4 ( 0.7)
84.55 1.7 1.2 94.71.

5 1Ry
× × −

= + − =

Test 5 is carried out at factor levels x5,1 = x4,1 + S1 = 100 + 5 = 105 and x5,2 = x4,2 + S2 = 
29.8 – 0.7 = 29.1.

The expected value is

5 5 5 ( 0.7)
84.55 1.7 1.2 97.25,

5 1Ry
× × −

= + − =

and the experimentally established onе is yЕ = 92.
The output parameter calculated by the model and the experimentally determined one 

increase but the difference between them is signifi cant. Therefore, for Test 6 it is calculated and 
determined experimentally. The expected value for Test 6 is

6 5 6 ( 0.7)
84.55 1.7 1.2 99.79,

5 1Ry
× × −

= + − =

and the experimental one is yЕ = 83.1.
There is a discrepancy between the real and the experimental values which shows that the 

extremum has been reached and bypassed (see Test III in Figure II.8.1). In this case, we should 
go back and actually perform the imaginary Test 4 to determine the extremal point. 

The experimental value in Test 4 is 92.2. Since this is the highest value, a new full factorial 
experiment is given in Table II.8.4 with its center in it.

Table II.8.4. Main factor levels, interval 
of variation, upper and lower levels 
for the new FFE

Factors х1 х2

хo,i 100 29.8
Ji   5 1
хu,i 105 30.8
хl,i  95 28.8
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The second series of tests may be carried out without retests because the variance Sy
2 is 

known. Results from the experiment are shown in Table II.8.5.

Table II.8.5. Experimental date for the FFE

Tests х1 х2 у

1 – – 88
2 + – 90
3 – + 92.5
4 + + 94

The new coeffi cients of the regression model are determined:

b0 = 91.1;  b1 = 0.88;  b2 = 2.12.

0.548,ib ≥  that is, the condition for application of the Box–Wilson method is present. 
The new model is:

у = 91.1 + 0.88х1 + 2.12х2.

The same algorithm repeats itself.

1. |b1·J1| = |0.88 × 5| = 4.4  |b2·J2| = |2.2 × 1| = 2.2

Since |b1·J1| > |b2·J2|, we choose the factor x1 for basic factor. 

2. SB = S1 = 5  2 2
2 2.4B

B B

b J
S S

b J

⋅
= =

⋅

3. The expected values of the output parameter are calculated and its experimental values 
are determined (Table II.8.6).

Table II.8.6. Computational table for moving to the optimal 
area according to the new direction

Factors x1 x2 yR yE

biJi 4.4 2.12
Si 5 2.4
Test 0 (main level) 100 29.8 91.1 92.2
Test 1 105 32.2 97.1 94
Test 2 110 34.6 103.0 97.1
Test 3 115 37 109.0 94.2
Test 4 120 39.4 115.0 78
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The levels x1 = 110 and x2 = 34.6 at which the optimal value of the output parameter 
is obtained are chosen for main levels for planning of an experiment to receive a model of 
 second order. 

SIMPLEX METHOD

A characteristic of the simplex method for optimization is the simultaneous study of the surface 
of response and the movement towards the optimum. The experiments are carried out at the top 
of the simplex.

A simplex is a convex polyhedron in the n-dimensional space with (n+1) number of apices. 
Examples of simplices in the zero-, one-, two-, and three-dimensional space are presented in 
Figure II.8.2.

n = 0 n = 1 n = 2 n = 3

2
3

4

1

2

3

1

2
11

Figure II.8.2. Examples of simplices.

A regular simplex is a simplex with regular distances between its apices.

SIMPLEX PROPERTY

From each simplex a new one can be obtained by eliminating one of its points and adding a new 
one, which is symmetric in relation to the opposite side (Figure II.8.3).
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Figure II.8.3. “Rolling” of the simplex.
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CRITERION FOR REACHING THE OPTIMAL AREA

A criterion for reaching the optimal area is the wedging or looping of the simplex 
which fi nds expression in its rotation around one point. It should be noted here that the 
wedging may occur also when errors are made in determining the target function. There-
fore a retest is made at the rotation point. After the retest the point will either be eliminated 
(if it was  incorrect) or it will be confi rmed that it is an optimum (if it has been correctly 
 determined).

SPECIFYING THE OPTIMAL AREA

Specifying the location of the optimal area is made by decreasing the size of the simplex, for 
example, when we fi nd an opposite point the distance may be halved. 

CONSTRUCTION OF THE INITIAL SIMPLEX

An initial simplex may be constructed in any way but the following two methods have gained 
the widest currency: 

1. A regular simplex with the length of its one side being 1 and situated so that one of its 
apices lies on one of the coordinate axes and the beginning of the coordinate axis lies in 
the center of gravity of the simplex (Figure II.8.4).

x1

x2

r1

r2

R2

A1(r1, r2)–R1 = –r1A2 (–R1 , r2)

A3 (0, – R2)

Figure II.8.4. Construction of an initial simplex.
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The coordinates of the different points are determined according to Table II.8.7. The 
values of ri and Ri are determined as the radii of the circles that inscribe and circumscribe 
a triangle:

 

1

2 ( 1)
ir

i i
=

⋅ +
  (II.8.4)

and

 
.

2( 1)i
i

R
i

=
+

 (II.8.5)

Table II.8.7. Determination of the coordinates of the initial points

Number

Values of the factor

yx1 x2 x3 … xi … xn

1 r1 r2 r3 ... ri ... rn y1

2 –R1 = r1 r2 r3 ... ri ... rn y2

3 0 –R2 = 2r2 r3 ... ri ... rn y3

… ... ... ... ... ... ... ...

n 0 0 0 ... –Ri = i·ri ... rn yn

n + 1 0 0 0 ... 0 ... –Rn = nrn yn + 1

Depending on the number of the input factors, a part of the table is used.
2. A regular simplex with the distance between its apices being 1, situated so that one of its 

apices lies in the beginning of the coordinate system and the sides that go from it under 
the same angles with the respective coordinate axes (Figure II.8.5).

A3

x1

A2

x2

A1 p

p

q

q

Figure II.8.5. Construction of an initial simplex.
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The coordinates of the different points are given in Table II.8.8. The values of the 
 parameters p and q are determined depending on the dimensionality of the space:

 
( )1

1 1
2

p n n
n

= − + +   (II.8.6)

and

 
( )1

1 1 .
2

q n
n

= + −  (II.8.7)

Table II.8.8 Determination of the coordinates of the initial points

Number

Values of the factor

yx1 x2 x3 … xi … xn

1 0 0 0 ... 0 ... 0 y1

2 p q q ... q ... q y2

3 q p q ... q ... q y3

… ... ... ... ... ... ... ...

n q q q ... q ... q yn

n + 1 q q q ... q ... p yn + 1

CALCULATING THE VALUES OF THE COORDINATE POINTS

The values of the collimating marks in natural units are calculated as

 x11 = x01 + z11J1  x21 = x02 + z21J2 

 x12 = x01 + z12J1  x22 = x02 + z22J2 (II.8.8)

 x13 = x01 + z13J1  x23 = x02 + z23J2, 

where x01 is the main level of the factor x1,
x02 is main level of the factor x2,
zii is value of the matrix in Table II.8.7,
J1 is interval of variation of the factor x1,
J2 is interval of variation of the factor x2.

CALCULATING THE COORDINATES OF THE MIRRORED POINT APEX

After determining the worst result, the corresponding point is eliminated and the coordinates of 
the mirrored point are calculated:
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1

1

2
,

n

ig ij ip

j
j p

x x x
n

+

=
≠

= −∑  (II.8.9)

where р is the index of the eliminated point. The procedure for elimination of tests and deter-
mining new experimental points continues until a “rotation” of the simplex is obtained. After 
specifying the extremal area, a planned experiment of second order is concurred in it, which is 
described in Section ІI.9.

Example

Find the area of the extremum of the strength of the yarn (in cN) with change of the twists, 
factor х1, and the spindle revolutions, factor х2.

x01 = 300 m–1  x02 = 8000 min–1 

J1 = 20 m–1    J2 = 1000 m–1 

We will determine the coeffi cients zij with two factors, according to the fi rst method of locat-
ing the starting points, as shown in Table II.8.9.

Table II.8.9. Coordinates of the initial points

zij x1 x2

1 0.5 0.289
2 –0.5 0.289
3 0 –0.578

DETERMINING THE COORDINATES OF THE STARTING POINTS

x11 = x01 + z11J1 = 300 + 0.5 × 20 = 310 m–1 
x12 = x01 + z12J1 = 300 – 0.5 × 20 = 290 m–1 
x13 = x01 + z13J1 = 300 + 0 × 20 = 300 m–1 

x21 = x02 + z21J2 = 8000 + 0.289 × 1000 ≈ 8300 min–1 
x22 = x02 + z22J2 = 8000 + 0.289 × 1000 ≈ 8300 min–1 
x23 = x02 + z23J2 = 8000 – 0.578 × 1000 ≈ 7400 min–1

FILLING IN THE SIMPLEX TABLE

To start with, in Table II.8.10, we enter the coordinates of the three points forming the initial 
simplex S0. The values of the output parameter у for each of the three points are determined 
experimentally. 

(Continued)
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Table II.8.10. Coordinates of the simplices

Number

Factors
Number of the 

simplex у
Number of the 

eliminated pointх1 х2

1 310 8300 S0 210
2 290 8300 S0 200
3 300 7400 S0 150 3
4 300 9200 S1 230 2
5 320 9200 S2 250

From the three results, the most unfavorable is eliminated. Since the target parameter is 
strength, the lowest value 150 cN (third point) is eliminated. 

DETERMINING THE COORDINATES OF AN ADDITIONAL POINT

The following formula is used from formula (II.8.9):

1
1

2
(310 290) 300 300min .

2gx −= + − =

1
2

2
(8300 8300) 7400 9200min .

2gx −= + − =

FORMATION OF A NEW SIMPLEX

An additional fourth point forms simplex S1. The strength at levels x1 = 300 m–1 and 
x2 = 9200 min–1 is determined. The most unfavorable result from simplex S1 (points 1, 2, 
and 4) is  chosen. Point 2 is eliminated and the coordinates of the new additional point are 
determined: 

1
1

2
(300 310) 290 320 m ,

2gx −= + − =

1
2

2
(8300 9200) 8300 9200min .

2gx −= + − =

A test at levels x1 = 320 m–1 and x2 = 9200 min–1 is carried out. From simplex S2 (points 1, 4, 
and 5), the most undesirable result is determined. Point 1 is eliminated and its opposite point 
is made. This procedure continues until the optimal area is reached.
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II.9. INVESTIGATION OF THE OPTIMUM 
AREA: COMPOSITE DESIGNS 

OF SECOND ORDER 

After determination of the approximate location of the optimum area by some of the methods 
presented in Section II.8, the next step is its detailed study. The extremum area can be described 
mathematically with a regression equation. As nonlinearity is strongly expressed, the use of a 
full factorial experiment or its fractional replicas is unsuitable. 

In practice, polynomial models of second order are one of the most often used. They allow 
for the studied phenomenon to be described in a relatively wide area of variation of the input 
variables. Their general form is 

 2
0

1 1

ˆ .
m m

i i ij i j ii i

i i j i

y b b x b x x b x
= < =

= + + +∑ ∑ ∑  (ІІ.9.1)

The composite designs of second order consist of the following types of points: 

1. Points of full or fractional factorial experiment, the number of which is NFЕ.
2. Star points which are located on the coordinate axes at equal intervals α from the center 

of the design, called “star arm.” Their number is Na.
3. Observations in the center of the design which is indicated with с N0, as for some designs 

N0 = 0.

The total number of tests is

 N = NFЕ + Na + N0 = 2m–p + 2m + N0, (ІІ.9.2)

where р is the degree of fractionality (in the full factorial experiment р = 0). In Figure ІІ.9.1 the 
position of the points from the composite designs for (a) 2 and (b) 3 factors is shown.

The fi rst designs of this type are the orthogonal central composite designs advanced by 
Box–Wilson. In these designs the star arm is chosen so that after the transformation of the vari-
ables a diagonal information matrix is obtained which simplifi es the calculation of regression 
coeffi cients. Rotatable central composite designs are also applied. They are designed so that 
they ensure equal dispersion of the forecasted value of the output variable at equal intervals 
from the center. Later, the so-called optimal composite designs were advanced, which ensured 
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obtaining effective evaluations and minimizing the maximum value of dispersion of the fore-
casted value of the studied area. 

ORTHOGONAL CENTRAL COMPOSITE EXPERIMENT

With the help of an orthogonal central composite experiment (OCCE), both, the coeffi cients of 
regression of second order and the coeffi cients of higher order can be evaluated. For example,

 2
0

1 1

ˆ
= < = < <

= + + + + +∑ ∑ ∑ ∑ �
m m

i i ij i j ii i ijk i j k
i i j i i j k

y b b x b x x b x b x x x  (ІІ.9.3)

Irrespective of the order of the regression equation, the way of designing does not change.

NUMBER OF TESTS

The number of tests is determined in accordance with formula (ІІ.9.2), as one test (N0 = 1) is 
conducted in the center of the experiment:

 N = 2m–p + 2m + 1. (ІІ.9.4)

DESIGN OF THE EXPERIMENT

For obtaining a diagonal (orthogonal) information matrix, transformation of the variables 2
ix  is 

necessary under the rule:

 2 2 .i ix x k= −�  (ІІ.9.5)

Figure II.9.1. Experimental point for composite designs.
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The variable κ, with the help of which the transformation is done, is determined as

 
22 2

,
2 2 1

m p

m p m

a
k

−

−
+

=
+ +

 (ІІ.9.6)

where a is the size of the star arm determined by the formula

 1 2( 1) 22 2 2 (2 1) ,m p m p m p ma − − − − − −= ± − + + +  (ІІ.9.7)

where р is the degree of fractionality (the number of generating correlations) if a fractional 
factorial experiment is used (р = 1, 2, 3, …). In case a full factorial experiment is used, р = 0. 
The design of the experiment for three factors has the form shown in Table ІІ.9.1.

DETERMINATION OF REGRESSION COEFFICIENTS

The zero coeffi cient is determined in an analogical way as a full factorial experiment:

 0

1

1
.

N

j

j

b y
N =

=′ ∑  (ІІ.9.8)

Table II.9.1. Orthogonal central composite experiment for three factors

Number х0 х1 х2 х3 х1х2 х1х3 х2х3 −2 2
1 1=�x x k −2 2

2 2=�x x k −2 2
3 3�x x= k y

 1 + – – – + + + 1 – k 1 – k 1 – k y1

 2 + + – – – – + 1 – k 1 – k 1 – k y2

 3 + – + – – + – 1 – k 1 – k 1 – k y3

 4 + + + – + – – 1 – k 1 – k 1 – k y4

 5 + – – + + – – 1 – k 1 – k 1 – k y5

 6 + + – + – + – 1 – k 1 – k 1 – k y6

 7 + – + + – – + 1 – k 1 – k 1 – k y7

 8 + + + + + + + 1 – k 1 – k 1 – k y8

 9 + a 0 0 0 0 0 a2 – k –k –k y9

10 + –a 0 0 0 0 0 a2 – k –k –k y10

11 + 0 a 0 0 0 0 –k a2 – k –k y11

12 + 0 –a 0 0 0 0 –k a2 – k –k y12

13 + 0 0 a 0 0 0 –k –k a2 – k y13

14 + 0 0 –a 0 0 0 –k –k a2 – k y14

15 + 0 0 0 0 0 0 –k –k –k y15
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Linear coeffi cients are determined by the formula:

 1

2
,

2 2

N

ij j

j
i m p

x y

b
a

=
−=

+

∑
 (ІІ.9.9)

the coeffi cients before the double interactions are

 1
,

2

N

ij kj j

j
ik m p

x x y

b
=

−=
∑

 (ІІ.9.10)

and the coeffi cients before the transformed variables are

 
( )

( )

2

1

22

1

.

N
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j
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j

x y

b
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k

k

=

=

−

=

−

∑

∑
 (ІІ.9.11)

DETERMINATION OF REGRESSION COEFFICIENTS’  VARIANCES

The variances of regression coeffi cients are determined based on the variance of  reproducibility, 
2 ,yS  determined by an l number of additional tests or, in case of homogenous variances, by the 

variance of the mean value of y:

 { }2 21
,o yS b S

N
=′  (ІІ.9.12)

 { }
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i m p

S
S b
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 (ІІ.9.13)
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y
ik m p

S
S b −=  (ІІ.9.14)
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1
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ii N
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j

S
S b

x k

=

=

−∑
 (ІІ.9.15)

SIGNIFICANCE OF COEFFICIENTS OF REGRESSION EQUATION 

Signifi cant are those coeffi cients, for which the following inequality is valid: 

 |b| > tT ·S{b}, (ІІ.9.16)
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where tT is the tabular value of Student’s t-distribution (determined from Appendix 1) under the 
following conditions: signifi cance level a = 0.05 and degrees of freedom f = N (n – 1) or (l – 1) 
depending on the way of determination of the reproducibility dispersion,

S{b} is standard deviation for the corresponding type of coeffi cient (zero, before linear 
members, before interactions or before second orders).

RECORDING OF REGRESSION EQUATION

After elimination of insignifi cant coeffi cients, the model has the following general form:

 ( )2

1 1

.
m m

R o i i ij i j ii i

i i j i

y b b x b x x b x k

= < =

= + + + −′ ∑ ∑ ∑  (ІІ.9.17)

The model gets its fi nal form after conversion from the transformed variables 2
ix�  to the main 

variable 2.ix   After opening the brackets, only the zero coeffi cient changes:

 
1

.
m

o o ii

i

b b bk

=

= −′ ∑  (ІІ.9.18)

The variance of the zero coeffi cient b0 is

 { } { } { }2 2 2 2

1

.k

=

= +′ ∑
m

o o ii
i

S b S b S b  (ІІ.9.19)

VERIFICATION OF ADEQUACY OF THE MODEL

The verifi cation of adequacy is done by the Fisher’s criterion as a ratio of the adequacy vari-
ance, 2 ,adS  and the reproducibility variance, 2:yS

 
2

2
.ad

R
y

S
F

S
=  (ІІ.9.20)

The adequacy variance is determined as

 

( )2

12 ,

N
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S
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=
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∑
 (ІІ.9.21)

where yRj is the value of у determined by the model (expected values), 
yЕj is the experimentally obtained values of у,
М is the number of signifi cant coeffi cients (including the zero coeffi cient).

The expected value of the Fisher’s criterion is compared with the table, one determined under 
the following conditions FT (a = 0.05, f1 = N – M, f2 = N(n – 1) or l – 1). When FR ≤ FT, the 
model is adequate.
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Example

A mathematical model should be derived describing the infl uence of the number of abrasion 
cycles, х1, and the number of washings, х2, on the abrasion resistance of knitted fabric.

The main levels of the factors and the intervals of variation are as follows: 

• number of abrasion cycles: x0,1 = 1000, J1 = 1000,
• number of washings: x0,2 = 10, J2 = 10.

For each of the variants, n = 9 tests are conducted.

DETERMINATION OF THE NUMBER OF TESTS

The number of tests is determined according to formula (ІІ.9.4) as the degree of fractionality 
is p = 0:

N = 22 + 2 × 2 + 1 = 9.

DETERMINATION OF THE SIZE OF THE STAR ARM, a, AND THE VALUE, k

The size of the star arm is

1 2( 1) 2

2 1 2(2 1) 2 2

2 2 2 (2 1)

2 2 2 (2 2 1) 1,

m p m p m p ma − − − − − −

− − −

= ± − + + +

= ± − + + × + = ±

and the value k:

2 2 2

2

2 2 2 2 1
0.67

2 2 1 2 2 2 1

m p

m p m

a
k

−

−
+ + ×

= = =
+ + + × +

.

PLAN OF THE EXPERIMENT

The plan of the experiment is presented in Table ІІ.9.2.

DETERMINATION OF THE REGRESSION COEFFICIENTS

The regression coeffi cients are determined according to formulae (ІІ.9.8)–(ІІ.9.11):

• Zero coeffi cient:

9
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1 23070
2563;

9 9j

j
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= = =′ ∑



P
A

R
T

 II: IN
V

E
S

T
IG

A
T

IO
N

 O
F

 T
H

E
 O

P
T

IM
U

M
 A

R
E

A
 
 •  

1
5
9

Table II.9.2. Plan of the experiment for the example

Number х1 х2 −� 2 2
1 1=x x k −� 2 2

2 2=x x k yE Sj
2 х1 y х2 y х1х2  y

2
1�x y 2

2�x y yR ( )−
2

Rj Ejy y

1 – – 0.33 0.33 4330 78400 –4330 –4330 4330 1428.9 1428.9 4142 35344
2 + – 0.33 0.33 2330 78400 2330 –2330 –2330 768.9 768.9 2351 441
3 – + 0.33 0.33 2250 23750 –2250 2250 –2250 742.5 742.5 2173 5929
4 + + 0.33 0.33 1300 58330 1300 1300 1300 429 429 1432 17424
5 – 0 0.33 –0.67 2850 42450 –2850 0 0 940.5 –1910 3075.5 50850.3
6 + 0 0.33 –0.67 2000 60100 2000 0 0 660 –1340 1809.5 36290.3
7 0 – –0.67 0.33 3330 78400 0 –3330 0 –2231 1098.9 3445 13225
8 0 + –0.67 0.33 2080 11070 0 2080 0 –1394 686.4 2001 6241
9 0 0 –0.67 –0.67 2600 24650 0 0 0 –1742 –1742 2641 1681

–0.03 –0.03 23070 455550 –3800 –4360 1050 –396.9 163.1 167426

(C
ontinued)
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• Linear coeffi cients:
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1
1 2 2
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• Coeffi cients before the double interaction:

9

1 2

1
12 2

1050
262.5;
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j j j
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x x y

b
== = =

∑

• Coeffi cients before the transformed variables:

( )

( )

9
2
1

1
11 9 2 2

22
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DETERMINATION OF THE VARIANCES OF THE REGRESSION COEFFICIENTS

The variances of the regression coeffi cients are determined by the variance of  reproducibility, 
2 ,yS  which in case of equal variances is the mean value of the variances of the separate 

tests. The verifi cation of uniformity of the variances is done by the Cochran criterion (from 
 formula (II.6.11)). The expected value is

2
max

2

1

78400
0.172,

455550R k

j

j

S
G

S
=

= = =

∑

and the table value is estimated from Appendix 5 under the following conditions 
GT (a = 0.05, f1 = 9 – 1 = 8, f2 = 9). As GR = 0.172 ≤ GT = 0.277, the variances are equal and 
the variance of reproducibility can be determined as the variance of y:

(Continued)
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9
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12 2 455550
5624.
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m N
== = = =

⋅ ×

∑

From this, in accordance with formulae (ІІ.9.12)–(ІІ.9.15), the variances of the separate 
regression coeffi cients can be determined:

• Variance of the zero coeffi cients:

{ }2 21 5624
625;

9 9o yS b S= = =′

• Variance of the linear coeffi cients:

{ }
2

2
2 2

5624
937;

62 2 1

y
i

S
S b = = =

+ ×

• Variance of the coeffi cient before the interaction:

{ }
2

2
2

5624
1406;

42

y
ik

S
S b = = =

• Variance of the coeffi cients before the second orders of the variables: 

{ }
( )

2
2

9
22

1

6524
2812.

2
y

ii

ij

j

S
S b

x k

=

= = =

−∑

SIGNIFICANCE OF THE COEFFICIENTS OF THE REGRESSION EQUATION

For the separate groups of coeffi cients, the product tT · S{b} is determined as tT is determined 
from Appendix 1 under the following conditions: signifi cance level a = 0.05 and degrees of 
freedom f = N (n – 1) = 9 × 8 = 72. The estimated value is tT = 2. The product tT · S{b} is:

• For the zero coeffi cient:

2 × 25 = 50 < 2563;

• For the linear coeffi cients b1 and b2:

2 × 30.6 = 61.2 < |–633|;
61.2 < |–722|;

(Continued)
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• For the coeffi cients before the interaction b12:

2 × 80 = 160 < |262|;

• For the coeffi cients before the second orders of the variables b11 and b22:

2 × 37.5 = 75 < |–198.5|;
75 < |82|.

The verifi cation shows that all coeffi cients are signifi cant.

RECORD OF THE REGRESSION EQUATION

After the replacement of the obtained regression coeffi cients, the following mathematical 
model is obtained:

2 2
1 2 1 2 1 22563 633 727 262.5 198.5 82 .Ry x x x x x x= − − + − +� �

Its fi nal form is obtained after a transition from the transformed variables, 2 ,ix�  to the main 
variables, 2 ,ix  as a result of which the zero coeffi cient is changed:

2563 0.67( 198.5 82) 2641,ob = − − + =

that is, the fi nal record of the model is

2 2
1 2 1 2 1 22641 633 727 262.5 198.5 82 .= − − + − +� �Ry x x x x x x

VERIFICATION OF THE MODEL ADEQUACY

The verifi cation of the adequacy is done by the Fisher criterion as a ratio of the variance 
of adequacy, 2

adS , and the variance of reproducibility, 2
yS . The expected values, Rjy , are 

determined in advance according to the fi nal model and they are entered in the penultimate 
column in Table ІІ.9.2. The squares of the deviations of the expected values from the experi-
mental ones are also determined (the last column in Table ІІ.9.2). With the so determined 
values, the variance of adequacy is

( )
9

2

12 167426
55809,

9 6

Rj Ej

j
ad

y y

S
N M

=

−

= = =
− −

∑

(Continued)
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and the expected value of Fisher’s distribution:

2

2

55809
9.92.

5624
ad

R
y

S
F

S
= = =

The tabular value of Fisher’s distribution is determined under the following conditions: 
 signifi cance level a = 0.05 and degrees of freedom f1 = N – M = 3 and f2 = N(n – 1) = 72. 
The value estimated from Appendix 3 is FT = 2.73. As FR > FT, the derived model is not 
adequate. The reason for this is the big deviations obtained between the measured values and 
the values calculated according to the model leading to obtaining a high value of the disper-
sion of adequacy, 2 .adS  The approach from here on is a change in the intervals of variation of 
the variables, a change of the composite plan (e.g., rotatable), or even of the input factors.

ROTATABLE CENTRAL COMPOSITE EXPERIMENT

While the aim of the orthogonal design is to obtain simple formulas for determination 
of the coeffi cients of regression, in case of more precise examinations we need a criterion of 
optimality related to the accuracy of the results obtained. We can judge for the accuracy of 
the results by the dispersion of the value of the output variable forecasted by the model. The 
smaller this dispersion is, the more accurate the prognosis is. The points of the rotatable design 
are located so that when the coordinate axes of the variable are rotated, the distribution of the 
dispersion does not change. In this way we can ensure the same dispersion at equal intervals 
from the center of the design.

The composition of a rotatable central composite experiment (RCCE) is analogical to one 
of the orthogonal central composite experiment—there are points from full and fractional facto-
rial experiments, “star” points, and experiments in the center of the design. The difference is in 
the method of calculation of the star arm and the number of tests which are chosen so that we 
have uniform designing.

NUMBER OF TESTS

The total number of tests is

 N = N1 + N2 + N0, (ІІ.9.22)

where N1 is the number of tests from the factorial experiment;
N2 is the number of star points;
N0 is the number of tests in the center of the experiment.

N1 and N2 are determined the same way as in all composite designs and the number of tests 
in the center of the experiment—with the inequality:

 1.
( 2)( )o

m N

m N N
l

⋅
= ≤

+ −
 (ІІ.9.23)

The number of tests with different number of factors m is given in Table ІІ.9.3.
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Table II.9.3. Number of tests for the rotatable central composite experiment

m N1 N1 N1 N1 a Note

2 4 4 5 13 1.414
3 8 6 6 20 1.682
4 16 8 7 31 2.000
5 32 10 10 52 2.378
5 16 10 6 32 2.000 Semireplica
6 64 12 15 91 2.828
6 32 12 9 53 2.378 Semireplica
7 128 14 21 163 3.333
7 64 14 14 92 2.828 Semireplica
8 128 16 20 164 3.333 Semireplica

DESIGN OF THE EXPERIMENT

The size of the star arm is determined as

 42
m p

a

−

= . (ІІ.9.24)

Its values for the most commonly used cases are calculated in Table ІІ.9.3. The design of the 
experiment for two factors has the form shown in Table ІІ.9.4.

Table ІІ.9.4. Design of the rotatable central composite experiment for two factors

Number х0 х1 х2 х1х2
2
1x 2

2x y

1 + – – + + + y1

2 + + – – + + y2

3 + – + – + + y3

4 + + + + + + y4

5 + a 0 0 a2 0 y5

6 + –a 0 0 a2 0 y6

7 + 0 a 0 0 a2 y7

8 + 0 –a 0 0 a2 y8

9 0 0 0 0 0 0 y9

10 0 0 0 0 0 0 y10

11 0 0 0 0 0 0 y11

12 0 0 0 0 0 0 y12

13 0 0 0 0 0 0 y12
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DETERMINATION OF REGRESSION COEFFICIENTS

The determination of regression coeffi cient by types is done in accordance with the formulas:

 2
0 1 2

1 1 1

,
N m N

j ij j

j i j

b a y a x y
= = =

= −∑ ∑∑  (ІІ.9.25)

 3

1

,
N

i ij j

j

b a x y
=

= ∑  (ІІ.9.26)

 4

1

,
N

ik ij kj j

j

b a x x y
=

= ∑  (ІІ.9.27)

 2 2
5 6 2

1 1 1 1

.
N m N N

ii ij j ij j j

j i j j

b a x y a x y a y
= = = =

= + −∑ ∑∑ ∑  (ІІ.9.28)

The coeffi cients from а1 to а7 are determined by Table ІІ.9.5.

VARIANCE OF REGRESSION COEFFICIENTS

The fi rst thing to determine is the variance of reproducibility. It is calculated by the tests in the 
center of the experiment:

 ( )22

1

1
,

1

oN

y oj o
o j

S y y
N =

= −
− ∑  (ІІ.9.29)

Table ІІ.9.5. Values of the auxiliary coeffi cients

m а1 а2 а3 а4 а5 а6 а7 Note

2 0.2000 0.1000 0.1250 0.2500 0.1250 0.01875 0.1437
3 0.1663 0.0568 0.0732 0.1250 0.0625 0.00688 0.0963
4 0.1429 0.0357 0.0417 0.0626 0.0313 0.00373 0.0350
5 0.0988 0.0191 0.0231 0.0313 0.0156 0.00146 0.0171
5 0.1591 0.0341 0.0417 0.0626 0.0313 0.00284 0.0341 Semireplica
6 0.0625 0.0098 0.0125 0.0156 0.0078 0.00055 0.0084
6 0.1107 0.0187 0.0231 0.0313 0.0156 0.00122 0.0169 Semireplica
7 0.0398 0.0052 0.0066 0.0077 0.0039 0.00024 0.0041
7 0.0703 0.0098 0.0125 0.0156 0.0078 0.00049 0.0083 Semireplica
8 0.0450 0.0053 0.0066 0.0077 0.0039 0.00023 0.0041 Semireplica
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where 0y  is the mean value of the tests in the central points:

 
1

1
.

oN

o oj
o j

y y
N =

= ∑  (ІІ.9.30)

From the variance of reproducibility, the variances of the coeffi cients are also determined:

 S2{bo} = a1 Sy
2 (ІІ.9.31)

 S2{bi} = a3 Sy
2 (ІІ.9.32)

 S2{bik} = a4 Sy
2 (ІІ.9.33)

 S2{bii} = a7 Sy
2 (ІІ.9.34)

SIGNIFICANCE OF COEFFICIENTS OF REGRESSION EQUATION 

Signifi cant are those regression coeffi cients b, for which |b| > tТ · S{b}, where tT (a = 0.05, 
f = No – 1) is determined from Appendix 1 under the specifi ed conditions.

VERIFICATION OF ADEQUACY OF THE MODEL

The adequacy dispersion is determined as

 2 1 2 ,
( 1)ad

o

Q Q
S

N M N

−
=

− − −
 (ІІ.9.35)

where Q1 and Q2 are sums of the squares of the deviations, respectively of the calculated yRj 
from the measured yEj values and of the values y0j measured in the center from their mean value 

oy . They are determined in the following way:

 ( )2

1

1

,
N

Rj Ej

j

Q y y
=

= −∑  (ІІ.9.36)

 ( )2

2

1

.
oN

oj o

j

Q y y
=

= −∑  (ІІ.9.37)

The calculated value of Fisher’s criterion is

 
2

2
,ad

R
y

S
F

S
=  (ІІ.9.38)

and the tabular value with which we compare FT (a = 0.05,  f1 = N – M – (No – 1),  f2 = No – 1). 
With FR ≤ FT, the model is adequate. 
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Example

A mathematical model should be derived describing the infl uence of pressure Р (kPa), 
temperature T (°C), and quantity of steam, determined according to the position of the 
adjusting bolt Н (mm), on time for moisture–thermal processing.

The main levels of the factors and the variance intervals are as follows:

• pressure: x0,1 = 470 kPa, J1 = 130 kPa
• temperature: x0,2 = 143°C, J2 = 13°C
• position of the adjusting bolt: x0,3 = 7 mm, J3 = 3 mm.

A rotatable central composite experiment is used for derivation of the model. The num-
ber of tests and the size of the star arm are determined according to Table ІІ.9.2. The levels 
of separate factors in natural and coded values are shown in Table ІІ.9.6.

Table ІІ.9.6. Levels of factors in natural and coded values

Levels

х1 х2 х3

J1 = 130 J2 = 13 J3 = 3

Coded Natural Coded Natural Coded Natural

–a –1.682 251 –1.682 121 –1.682 2
–1 –1 340 –1 130 –1 4
 0 0 470 0 143 0 7
 1 1 600 1 156 1 10
 a 1.682 689 1.682 165 1.682 12

The design of the experiment, the measured values of the output parameter, as well as 
the supporting products for determination of regression coeffi cients are given in columns 
1–14 of Table ІІ.9.7. 

DETERMINATION OF REGRESSION COEFFICIENTS

Regression coeffi cients are determined by formulae (ІІ.9.25)–(ІІ.9.28):

20 3 20
2

0 1 2

1 1 1

0.1663 471.5 0.0568(361.26 358.43 299.02) 20.55,j ij j

j i j

b a y a x y
= = =

= − = × − + + =∑ ∑∑
20

1 3 1

1

0.0732 ( 91.0) 6.66,j j

j

b a x y
=

= = × − = −∑
20

2 3 2

1

0.0732 ( 89.69) 6.57,j j

j

b a x y
=

= = × − = −∑
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Table ІІ.9.7. Design of the experiment, measured values of the output parameter and supporting products for determination of regression 
coeffi cients

Number х1 х2 х3 х1 у х2 у х3   у х1х2   у х1х3   у х2х3   у х1
2у х2

2у х3
2у yЕ yR ( )2

−Rj Ejy y ( )2
−oj oy y

1  2  3  4 5 6 7 8 9 10 11 12 13 14 15 16 17

1 –1 –1 –1 –33.5 –33.5 –33.5 33.5 33.5 33.5 33.5 33.5 33.5 33.5 33.86 0.127  

2  1 –1 –1 18.5 –18.5 –18.5 –18.5 –18.5 18.5 18.5 18.5 18.5 18.5 18.78 0.081  

3 –1  1 –1 –20.5 20.5 –20.5 –20.5 20.5 –20.5 20.5 20.5 20.5 20.5 18.98 2.320  

4  1  1 –1 7.5 7.5 –7.5 7.5 –7.5 –7.5 7.5 7.5 7.5 7.5 7.40 0.009  

5 –1 –1  1 –44.5 –44.5 44.5 44.5 –44.5 –44.5 44.5 44.5 44.5 44.5 44.15 0.126  

6  1 –1  1 29 –29 29 –29 29 –29 29 29 29 29 29.07 0.005  

7 –1  1  1 –28.5 28.5 28.5 –28.5 –28.5 28.5 28.5 28.5 28.5 28.5 29.27 0.586  

8  1  1  1 18 18 18 18 18 18v 18 18 18 18 17.69 0.095  

9 1.682  0  0 29.44 0 0 0 0 0 49.51 0 0 17.5 17.28 0.047  

10 –1.682  0  0 –66.44 0 0 0 0 0 111.75 0 0 39.5 39.69 0.037  

11  0 1.682  0 0 27.75 0 0 0 0 0 46.68 0 16.5 16.94 0.198  

12  0 –1.682  0 0 –66.44 0 0 0 0 0 111.75 0 39.5 39.03 0.222  

13  0  0 1.682 0 0 44.57 0 0 0 0 0 74.97 26.5 26.13 0.134  

14  0  0 –1.682 0 0 –14.30 0 0 0 0 0 24.05 8.5 8.83 0.108  

15  0  0  0 0 0 0 0 0 0 0 0 0 21.5 20.55 0.907 0.840

16  0  0  0 0 0 0 0 0 0 0 0 0 20.5 20.55 0.002 0.007

17  0  0  0 0 0 0 0 0 0 0 0 0 20 20.55 0.300 0.340

18  0  0  0 0 0 0 0 0 0 0 0 0 20 20.55 0.300 0.340

19  0  0  0 0 0 0 0 0 0 0 0 0 21 20.55 0.205 0.174

20  0  0  0 0 0 0 0 0 0 0 0 0 20.5 20.55 0.002 0.007

–91.0 –89.69 70.28 7 2 –3 361.26 358.43 299.02 471.5 5.810 1.708
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20
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0.0625 361.26 0.00688 (361.26+358.43 299.02) 0,0568 471.5 2.81,

j j j j j

j i j j

b a x y a x y a y
= = = =
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22 5 2 6 2 2
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0.0625 358.43 0.00688 (361.26+358.43 299.02) 0.0568 471.5 2.63,
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= = = =

= + −
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20 3 20 20
2 2

33 5 3 6 3 2

1 1 1 1

0.0625 299.02 0.00688 (361.26+358.43 299.02) 0.0568 471.5 1.08.

j j j j j

j i j j

b a x y a x y a y
= = = =

= + −

= × + × + − × = −

∑ ∑∑ ∑

DETERMINATION OF VARIANCE OF REPRODUCIBILITY 

It is calculated from the tests in the center of the experiment by formula (ІІ.9.29) as the mean 
value 20.58oy =  is determined in advance: 

( )
6

22

1

1
20.58 0.342.

6 1y oj

j

S y
=

= − =
− ∑

DETERMINATION OF VARIANCES OF REGRESSION COEFFICIENTS

For the different groups of coeffi cients, the dispersions of the regression coeffi cients are: 

• For the zero coeffi cient:

S2{bo} = 0.1663 × 0.342 = 0.0568,

(Continued)
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• For the linear coeffi cients:

S2{bi} = 0.0732 × 0.342 = 0.025,

• For the coeffi cients before the interactions:

S2{bik} = 0.125 × 0.342 = 0.0427,

• For the coeffi cients before the second orders of the variables:

S2{bii} = 0.0693 × 0.342 = 0.0237.

VERIFICATION OF SIGNIFICANCE OF REGRESSION COEFFICIENTS

The value of Student’s t-distribution is determined from Appendix 1 with signifi cance level 
a = 0.05 and degrees of freedom f = 6 – 1 = 5 as the accounted value is tT = 2.57. The products 
tТ·S{b} are determined and compared with the calculated coeffi cients:

• For the zero coeffi cient:

2.57 × 0.238 = 0.613 < 20.55,

• For the linear coeffi cients b1, b2, and b3:

2.57 × 0.158 = 0.406 < |–6.66|,

0.406 < |–6.565|,

0.406 < |5.14|,

• For the coeffi cients before the interactions b12, b13, and b23:

2.57 × 0.207 = 0.531 < |0.875|,

0.531> |0.25|,

0.531 |–0.385|,

• For the coeffi cients before the second orders of the variables b11, b22, and b33:

2.57 × 0.154 = 0.396 < |2.81|,

0.396 < |2.63|,

0.396 < |–1.08|.

Insignifi cant are only coeffi cients b13 and b23 the absolute value of which is smaller than the 
critical one.

(Continued)
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RECORDING OF THE MODEL

After elimination of the insignifi cant factors, the model has the following form: 
2 2 2

1 2 3 1 2 1 2 320.55 6.66 6.565 5.14 0.875 2.81 2.63 1.08 .y x x x x x x x x= − − + + + + +

VERIFICATION OF MODEL ADEQUACY 

Determination of the sum Q1 (sum of column 16):

( )
20

2

1

1

5.81.Rj Ej

j

Q y y
=

= − =∑

Determination of the sum Q2 (sum of column 17):

( )
6

2

2

1

1.708.oj o

j

Q y y
=

= − =∑

Determination of the adequacy variance 2
adS :

2 1 2 5.81 1.708
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( 1) 20 8 (6 1)ad
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− − − − − −

The expected Fisher’s criterion is

2

2

0.586
1.715.
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ad

R
y

S
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S
= = =

The table value of Fisher’s distribution is FT (a = 0.05, f1 = 20 – 8 – (6 – 1) = 7,  f2 = 6 – 1 = 5) 
= 4.876. As FR = 1.715 < 4.876 = FT, the model is adequate.

OPTIMAL COMPOSITE EXPERIMENT 

The structure of optimal composite designs ensures maximal values of the determinant of the 
information matrix with a size of the star arm α = ±1. It is also established that, except for the 
cases with two factors, designs are most effective if no tests that are made in the center of the plan.

NUMBER OF TESTS

Considering the specifi city of the composition of optimal composite designs, the number of 
tests can be recorded as

 N = N1 + N2 + No, (ІІ.9.39)

as No = 1 (with n ≤ 2) and No = 0 (with n > 2).
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DESIGN OF THE EXPERIMENT

The design of the experiment with three factors is shown in Table ІІ.9.8.

DETERMINATION OF REGRESSION COEFFICIENTS

The regression coeffi cients are determined by the formulae below: 

 2

1 1 1

,
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o j ij j

j i j

b a y p x y
= = =

= +∑ ∑∑  (ІІ.9.40) 
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≠
= = = =

= + +∑ ∑∑ ∑  (ІІ.9.43)

The values of coeffi cients a, p, c, d, e, and g are given in Table ІІ.9.9.

Table ІІ.9.8. Design of the optimal composite 
experiment for three factors

Number х1 х2 х3 y

 1 – – – y1

 2 + – – y2

 3 – + – y3

 4 + + – y4

 5 – – + y5

 6 + – + y6

 7 – + + y7

 8 + + + y8

 9 + 0 0 y9

10 – 0 0 y10

11 0 + 0 y11

12 0 – 0 y12

13 0 0 + y13

14 0 0 – y14
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VARIANCE OF REGRESSION COEFFICIENTS

The variance of reproducibility, Sy
2, is usually determined by l additional tests in the center of 

the experiment, and from it the variances of the coeffi cients are determined:

 S2{bo} = a Sy
2, (ІІ.9.44)

 S2{bi} = е Sy
2, (ІІ.9.45)

 S2{bik} = g Sy
2, (ІІ.9.46)

 S2{bii} = с Sy
2. (ІІ.9.47)

SIGNIFICANCE OF COEFFICIENTS OF REGRESSION EQUATION 

Signifi cant are those coeffi cients for which |b| > tТ· S{b}, where tT (a = 0.05, f = l – 1).

VERIFICATION OF ADEQUACY

The adequacy verifi cation is done in the same way as in the orthogonal experiment.

Table ІІ.9.9. Values of the auxiliary coeffi cients

m N а p c d e g Note

2 9 0.555555 –0.333333 0.500000 0.000000 0.166666 0.250000
3 14 0.406250 –0.156250 0.406250 –0.093750 0.100000 0.125000
4 24 0.229165 –0.062500 0.395833 –0.104166 0.055555 0.062500
5 42 0.158203 –0.033203 0.408203 –0.091797 0.029412 0.031250
5 26 0.160156 –0.035156 0.410156 –0.089844 0.055555 0.062500 Semireplica
6 76 0.120625 –0.020625 0.420625 –0.079375 0.015151 0.015625
6 44 0.121250 –0.021250 0.421250 –0.078750 0.029412 0.031250 Semireplica
7 78 0.097656 –0.014329 0.430989 –0.069010 0.015151 0.015625 Semireplica

Example

The infl uence of the distance in the main drawing fi eld L (mm), the drawing i in it and the 
force on the pressing rollers (daN) in a drawing frame on the index of irregularity I of 
the cotton slivers is examined. A mathematical model describing their infl uence should be 
derived. 

Two measurements are made for each of the variants as the mean values are shown in 
Table ІІ.9.10.

(Continued)
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Table ІІ.9.10. Experimental data for the example

I

16 daN 26.65 daN 37.3 daN

36 mm 39 mm 42 mm 36 mm 39 mm 42 mm 36 mm 39 mm 42 mm

i = 4.80 8.41 7.84 8.87 8.22 7.66 8.53 8.22 7.90 8.78
i = 5.68 8.20 7.92 8.50 7.47 7.73 8.37 7.95 7.77 8.84

i = 6.54 8.62 7.55 9.06 8.07 7.44 8.68 9.08 7.73 8.51

Two additional tests (a total of four) are conducted in the center of the experiment, as a result 
of which the standard deviation of the examined value Sу = 0.1 is determined. An optimal 
composite plan is constructed and presented in Table ІІ.9.11.

DETERMINATION OF THE REGRESSION COEFFICIENTS

The regression coeffi cients are determined according to formulae (ІІ.9.40)–(ІІ.9.43).

14 3 14
2

1 1 1

0.40625 116.18 0.15625 (85.39 84.65 85.24) 7.311,o j ij j

j i j

b a y p x y
= = =

= + = × − × + + =∑ ∑∑
14

1 1

1

0.1 1.79 0.179,j j

j

b e x y
=

= = × =∑
14

2 2
1

0.1 0.77 0.077,
=

= = × =∑ j j
j

b e x y

14

3 3

1

0.1 ( 0.52) 0.052,j j

j

b e x y
=

= = × − = −∑
14

12 1 2

1

0.125 ( 1.15) 0.144,j j j

j

b g x x y
=

= = × − = −∑
14

13 1 3

1

0.125 ( 0.91) 0.114,j j j

j

b g x x y
=

= = × − = −∑
14

23 2 3

1

0.125 0.09 0.024,j j j

j

b g x x y
=

= = × =∑
14 3 14 14

2 2
11 1

1 1 1 1

0.40625 85.39 0.09375 (84.65 85.24) 0.15625 116.18 0.609,

j i

j j ij j j

j i j j

b c x y d x y p y

≠
= = = =

= + +

= × − × + − × =

∑ ∑∑ ∑

(Continued)
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Table ІІ.9.11. Optimal composite plan for the example

Number х1 х2 х3 yЕ х1у х2у х3у х1х2у х1х3у х2х3у х1
2у х2

2у х3
2у yR ( )−

2

oj oy y

1 –1 –1 –1 8.41 –8.41 –8.41 –8.41 8.41 8.41 8.41 8.41 8.41 8.41 8.26 0.023
2 1 –1 –1 8.87 8.87 –8.87 –8.87 –8.87 –8.87 8.87 8.87 8.87 8.87 9.13 0.068
3 –1 1 –1 8.62 –8.62 8.62 –8.62 –8.62 8.62 –8.62 8.62 8.62 8.62 8.54 0.006
4 1 1 –1 9.06 9.06 9.06 –9.06 9.06 –9.06 –9.06 9.06 9.06 9.06 8.84 0.047
5 –1 –1 1 8.22 –8.22 –8.22 8.22 8.22 –8.22 –8.22 8.22 8.22 8.22 8.48 0.070
6 1 –1 1 8.78 8.78 –8.78 8.78 –8.78 8.78 –8.78 8.78 8.78 8.78 8.90 0.015
7 –1 1 1 9.08 –9.08 9.08 9.08 –9.08 –9.08 9.08 9.08 9.08 9.08 8.77 0.095
8 1 1 1 8.51 8.51 8.51 8.51 8.51 8.51 8.51 8.51 8.51 8.51 8.62 0.011
9 1 0 0 8.37 8.37 0 0 0 0 0 8.37 0 0 8.10 0.073

10 –1 0 0 7.47 –7.47 0 0 0 0 0 7.47 0 0 7.74 0.073
11 0 1 0 7.44 0 7.44 0 0 0 0 0 7.44 0 7.55 0.012
12 0 –1 0 7.66 0 –7.66 0 0 0 0 0 7.66 0 7.55 0.012
13 0 0 1 7.77 0 0 7.77 0 0 0 0 0 7.77 7.85 0.006
14 0 0 –1 7.92 0 0 –7.92 0 0 0 0 0 7.92 7.85 0.006

116.18 1.79 0.77 –0.52 –1.15 –0.91 0.19 85.39 84.65 85.24 0.517

(C
ontinued)
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14 3 14 14
2 2

22 2

1 1 1 1

0.40625 84.65 0.09375 (85.39 85.24) 0.15625 116.18 0.239,

j i

j j ij j j

j i j j

b c x y d x y p y

≠
= = = =

= + +

= × − × + − × =

∑ ∑∑ ∑

14 3 14 14
2 2

33 3

1 1 1 1

0.40625 85.24 0.09375 (85.39 84.65) 0.15625 116.18 0.534.

j i

j j ij j j

j i j j

b c x y d x y p y

≠
= = = =

= + +

= × − × + − × =

∑ ∑∑ ∑

DETERMINATION OF THE VARIANCES OF THE REGRESSION COEFFICIENTS

The variance of reproducibility is: Sy
2 = 0.12 = 0.01, from which, in accordance with the 

formulae (ІІ.9.44)–(ІІ.9.47), the variances of the coeffi cients are determined:

• for the zero coeffi cient:

S2{bo} = a Sy
2 = 0.40625 × 0.01 = 0.004;

• for the linear coeffi cients:

S2{bi} = е Sy
2 = 0.1 × 0.01 = 0.001;

• for the coeffi cient before the interaction:

S2{bik} = g Sy
2 = 0.125 × 0.01 = 0.001;

• for the coeffi cients before the second orders of the variables: 

S2{bii} = с Sy
2 = 0. 40625 × 0.01 = 0.004.

VERIFICATION OF THE SIGNIFICANCE OF THE COEFFICIENTS 

OF THE REGRESSION EQUATION

From Appendix 1, the value of the Student’s distribution is determined with a signifi cance 
level a = 0.05 and degrees of freedom f = 4 – 1 = 3, as the estimated values is tT = 3.182. 
The products tТ · S{b} are determined and compared to the calculated coeffi cients:

• For the zero coeffi cient:

3.182 × 0.0632 = 0.2011 < 7.311;

(Continued)
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• For the linear coeffi cients b1, b2, and b3:

3.182 × 0.0316 = 0.1005 < |0.179|;

0.1005 > |0.077|;

0.1005 > |–0.052|;

• For the coeffi cients before the interactions b12, b13, and b23:

3.182 × 0.0316 = 0.1005 < |–0.144|;

0.1005 < |–0.114|;

0.1005 > |0.024|;

• For the coeffi cients before the second orders of the variables b11, b22, and b33:

3.182 × 0.0632 = 0.2011 < |0.609|;

0.2011 < |0.239|;

0.2011 < |–0.534|.

The only insignifi cant coeffi cients are b2, b3, and b23, the absolute value of which is lower 
than the critical one.

RECORD OF THE MODEL

After the elimination of the insignifi cant coeffi cients the model gets the following form:

y = 7.311 + 0.179x1 – 0.144x1x2 – 0.144x1x3 + 0.609x1
2 + 0.239x2

2 + 0.534x3
2.

VERIFICATION OF THE MODEL ADEQUACY

The verifi cation of the adequacy is done by the Fisher criterion, according to formula 
(ІІ.9.21):

( )2

12 0.517
0.074,

14 7

N

Rj Ej

j
ad

y y

S
N M

=

−

= = =
− −

∑

and the calculated value of Fisher’s criterion is:

2

2

0.074
7.39.

0.01
ad

R
y

S
F

S
= = =

The tabular value of Fisher’s distribution is determined from Appendix 3 under the 
 following conditions FT (a = 0.05,  f1 = N – M = 14 – 7 = 7,  f2 = l – 1 = 4 – 1 = 3) = 8.89. 
As FR < FT, the model is adequate.
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II.10. OPTIMIZATION OF TARGET 
FUNCTION

The description of optimum area is done with the aim of studying the behavior of the target 
function around the extremum and to fi nd an optimal working regime of the examined system. 
Different approaches exist for solving the optimization task. The most commonly used methods 
of optimization are:

1. Classical method of function analysis—the minimum or the maximum of the tar-
get function is determined by differentiation and equalization of its fi rst derivative 
to zero. This method is appropriate for polynomial regression models of second 
order as a  system of linear equations which are easy to solve are obtained after the 
 differentiation.

2. Canonical analysis—the equation is reduced to a canonical form through the meth-
ods of linear algebra. The reduction to a canonical form is an introduction of new axes 
 concurring with the axes of the surface described by the equation of regression. Depend-
ing on the signs of coeffi cients of the canonical equation, the type of the surface of 
response can be determined. The method is commonly used because it is notable for its 
demonstrability.

3. Method of Lagrange multipliers—it is used when the target functions are more than one. 
For one of the functions, we search for an optimum and constraints are placed for the 
others. The constraints may only be exact values.

4. Methods of linear programming—for target functions which are linear with respect to 
the studied factors. The constraints can also be linear functions.

5. Methods of nonlinear programming—they are applied when the target function and 
the constraints are nonlinear functions of the factors. They are divided into three main 
groups:
• gradient methods;
• gradientless methods; and
• methods of random searching.

6. Dynamic programming—used for optimization of multistage processes. The mathe-
matical description of each stage can be obtained with the help of experimental  statistical 
methods.
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CANONICAL ANALYSIS

In reduction of the model to a canonical form, the linear members and the interactions are 
removed. The canonical form of the equation is

 
2 2

11 1 22 2 ,− = +R RS k ky y B x B x  (ІІ.10.1)

where yR is the value of the output parameter before the transformation, 
yRS is the extremal value of the output parameter,
В11 and В22 are the new coeffi cients before 2

1x  and 2
2x .

The new axes are obtained in two stages: fi rst, through translation of the extremal point S 
(the axes 1¢x  and 2¢x ) and second, through rotation around point S of the angle α until their 
 concurrence with the axes of the surface (Figure ІІ.10.1). The axes 1x≤ and 2x≤ are the axes of the 
canonical equation and for this reason they are written as 1kx  and 2kx .

Figure ІІ.10.1. Translation of the extremal point and rotation of the axes.

x1

x2

S
α

x1¢

x2¢

x1≤ = xk1

x2≤ = xk2

ALGORITHM FOR REDUCTION TO A CANONICAL FORM

1. Differentiation of the target function on х1 and х2 and equalization of the partial  derivative 
to zero.

2. Solving the system of linear equations and determination of the values х1S and х2S with 
which an extremum is obtained. Substitution of the obtained values of х1S and х2S and 
determination of the extremal value yRS. Determination of the rotation angle α:

 12

11 22

0.5arctg .a =
−
b

b b
 (ІІ.10.2)

3. Determination of the regression coeffi cients in the canonical equation В11 and В22. Two 
methods exist for determination of В11 and В22:
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 2 2
11 22 11 22 12( ) ( 0.25 ) 0.− + + − =B b b B b b b  (ІІ.10.3)

The regression coeffi cients in the canonical equation are:

 
2

11 2 2

P P
B Q

⎛ ⎞= − −⎜ ⎟⎝ ⎠
 (ІІ.10.4)

and

 
2

22 ,
2 2

⎛ ⎞= + −⎜ ⎟⎝ ⎠
P P

B Q  (ІІ.10.5)

as:

 11 22 ,= +P b b  (ІІ.10.6)

and

 
2

11 22 120.25 .= −Q b b b  (ІІ.10.7)

Method II—Trigonometric 

The regression coeffi cients in the canonical equation are determined as

 2 2
11 11 12 22cos sin cos sin ;a a a a= + +B b b b  (ІІ.10.8)

 2 2
22 11 12 22sin sin cos cos .a a a a= − +B b b b  (ІІ.10.9)

The verifi cation of the correctness of calculations is

 .∑ = ∑ii iib B  (ІІ.10.10)

DETERMINATION OF THE SURFACE TYPE

The surface type is determined by the signs of В11 and В22. The following cases are possible:

1. В11 and В22 are with the same sign: In this case the surface is an elliptic paraboloid and 
the equipotential lines are ellipses with the equation:

 
2 2
1 2
2 2

1.+ =x x

a b
 (ІІ.10.11)
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If В11 and В22 > 0, the extremum is minimum; if В11 and В22 < 0, the extremum is 
 maximum; if |В22| > |В11|, the main axis of the ellipses is xk1, and vice versa. 

2. В11 and В22 are with different signs: In this case the surface is a hyperbolic paraboloid 
and the equipotential lines are hyperbolas. If |В22| > |В11|, the main axis of the hyperbolas 
is on xk1; if В11 < 0 and В22 > 0, the target function y decreases from the center to xk1 and 
increases to xk2; if В11 > 0 and В22 < 0, the target function y increases from the center to 
xk1 and decreases to xk2.

3. One of the coeffi cients is zero: The surface is a fi xed elevation and the contour lines 
are parallel lines. If В11 = 0, the lines are parallel to xk1; if В22 = 0, the lines are parallel 
to xk2.

4. One of the coeffi cients is zero, and the center of the coordinate system is infi nity: Then 
we obtain an ascending elevation and the contour lines are parabolas. 

In Figure ІІ.10.2 an elliptic paraboloid is shown and in Figure ІІ.10.3 the equipotential 
lines of this surface are shown.

Figure ІІ.10.2. Elliptic paraboloid surface.
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In Figure ІІ.10.4 a hyperbolic paraboloid is shown and in Figure ІІ.10.5 the corresponding 
equipotential lines are shown.

It can be seen that in both cases the extremum is minimum. The equipotential lines being 
the contour of the surface sections with planes parallel to the plane Ox1x2 to distances from it 
chosen in advance, allow for the location of the minimum to be determined visually. In the fi rst 
case it is located at the center of the ellipse corresponding to y = 7.4 and in the second case at 
a level of х1 = –1 and х2 in the middle point of the segment line obtained at the crossing of the 
parabola y = 7.6 with the axis х2.
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Figure ІІ.10.3. Equipotential lines of elliptic paraboloid surface.
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Figure ІІ.10.4. Hyperbolic paraboloid surface.
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Example

The following mathematical model describing the infl uence of the distance x1 (mm) and the 
drawing rate x2 in a cylinder drawing device on the irregularity CV (%) of the cotton sliver at 
the exit of the cylinder drawing frame is derived with the help of optimal composite design:

2 2
1 2 1 2 1 27.311 0.181 0.078 0.143 0.608 0.238 .= + + − + +y x x x x x x

The optimal technological setting should be found as: x01 = 39 mm, J1 = 3 mm, x02 = 5.68 
mm, and J2 = 0.87.

DIFFERENTIATION OF TARGET FUNCTION

2 1
1

0.181 0.143 2 0.608S S
y

x x
x

∂
= − + ×

∂

1 2
2

0.078 0.143 2 0.238S S
y

x x
x

∂
= − + ×

∂

Figure ІІ.10.5. Equipotential lines of hyperbolic paraboloid surface.
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(Continued)
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SOLVING THE SYSTEM OF LINEAR EQUATIONS

2 1

1 2

0.181 0.143 2 0.608 0

0.078 0.143 2 0.238 0
S S

S S

x x

x x

− + × =
− + × =

1 0.174Sx = −   2 0.216Sx = −

DETERMINATION OF THE EXTREME VALUE OF OUTPUT PARAMETER

2 2

7.311 0.181( 0.174) 0.078( 0.216) 0.143( 0.174)( 0.216)

0.608( 0.174) 0.238(0.216) 7.287

Sy = + − + − − − −

= − + =

DETERMINATION OF THE ROTATION ANGLE

0.143
0.5arctg 10.6

0.608 0.238
a = = °

−

DETERMINATION OF REGRESSION COEFFICIENTS IN CANONICAL 

 EQUATION

By Method I

11 22 0.608 0.238 0.846P b b= + = + =

2 2
11 22 120.25 0.608 0.238 0.25 0.143 0.1396Q b b b= − = × − × =

2

11
0.846 0.846

0.1396 0.621
2 2

B
⎛ ⎞= + − =⎜ ⎟⎝ ⎠

2

22
0.846 0.846

0.1396 0.225
2 2

B
⎛ ⎞= − − =⎜ ⎟⎝ ⎠

By Method II

2 2
11 0.608cos (10.6 ) 0.143sin(10.6 )cos(10.6 ) 0.238sin (10.6 ) 0.621= ° + ° ° + ° =B

2 2
22 0.608sin (10.6 ) 0.143sin(10.6 )cos(10.6 ) 0.238cos (10.6 ) 0.225= ° − ° ° + ° =B

(Continued)
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ADDITIONAL VERIFICATION OF CALCULATION CORRECTNESS

0.608 0.238 0.621 0.225 0.846+ = + =

DETERMINATION OF SURFACE TYPE

As В11 and В22 are with the same sign, the surface is an elliptic paraboloid (Figure ІІ.10.6).
The surface drawing is done as the values of y are calculated with the variation of х1 and 

х2 within the diapason [–1; 1] with the model:

2 2
1 2 1 2 1 27.311 0.181 0.078 0.143 0.608 0.238 .= + + − + +y x x x x x x

Figure ІІ.10.6. Surface described by the model.
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The equipotential lines are drawn using the canonical form of equation (ІІ.10.1) in which the 
obtained values yRS and the coeffi cients В11 and В22 are replaced:

2 2
1 27.287 0.621 0.225 .− = +R k ky x x

Both sides of the equation are divided by (yR – 7.287) for an equation of an ellipse to be 
obtained. We get: 

2 2
1 2
2 2

1 ,= +k kx x

a b

(Continued)

(Continued)
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where:

2 7.287

0.621
Ry

a
−

=  and 2 7.287

0.225
Ry

b
−

=

and a and b are the values of the semiaxes of the ellipse determined for the different values 
of yR. The values of a and b in the variation yR are shown in Table ІІ.10.1.

Table ІІ.10.1. Values of the semiaxes in the variation of yR

yR yR – yRS a2 b2 a b

7.4 0.113 0.182 0.502 0.427 0.709
7.5 0.213 0.343 0.947 0.586 0.973
7.6 0.313 0.504 1.391 0.710 1.179
7.7 0.413 0.665 1.836 0.816 1.355
… … … … … …

DETERMINATION OF THE OPTIMAL PARAMETERS OF THE CYLINDER 

 DRAWING DEVICE

From the calculations made, and as it is visible from the graphics, the lower  irregularity 
CV = 7.287% is obtained with levels of the factors in coded values 1 0.174Sx = −  and 

2 0.216Sx = − . In natural values:

• distance 1 , 01 1 1 39 ( 0.174) 39 38.5S nat Sx x x J= + = + − × =  mm
• drawing rate 2 , 02 2 2 5.68 ( 0.216) 0.87 5.38S nat Sx x x J= + = + − × = .
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II.11. TAGUCHI METHODS

Taguchi methods are statistical methods for improvement of the quality of manufactured 
articles. They can be grouped in three main directions:

• designed experiments
• off-line methods of control
• loss function.

INNOVATIONS IN THE SPHERE OF THE DESIGNED EXPERIMENT

Taguchi creates a technique for quality improvement using methods of experiment design and 
combines them with statistical analysis. This approach allows for the quality requirements to 
be embedded in the stage of design and be followed in every stage of the article’s life cycle. He 
suggests the following steps in the conducting of experimental investigations:

1. Defi nition of the problem—defi ning the problem to be solved and the task that will be 
solved with the experiment.

2. Determination of the target—choosing the output characteristics that will be investigated 
and optimized, as well as the method of measurement.

3. Conducting of intense mental investigation—determining the manageable and unman-
ageable factors, defi ning the investigation area, and the levels of the factors. In the begin-
ning, during the conducting of sifting experiments, the use of as many factors as possible 
is recommended at the expense of the interactions.

4. Design of the experiment—setting the values of the control factors and their interactions 
and of the nuisance factors. Taguchi divides the factors into manageable (control) and 
nuisance factors, as he includes the nuisance factors in the designed experiment in the 
outer arrays.

5. Conducting of the experiment—conducting of the tests and experimental data collection.
6. Information analysis—calculating the characteristic indices [target measure (TM) and 

nuisance measure (NM)] and analyzing with the use of appropriate methods.
7. Result interpretation—identifying the managing factors of deviation and the target man-

aging factors. Choosing of optimal levels. For the managing factors of deviation, the 
optimal levels are the ones maximizing the nuisance measure (minimizing the disper-
sion in the model reaction), and for the target managing factors the ones bringing the 
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mean values of the reaction close to the target value. Foreseeing the characteristics of the 
system at optimal values of the factors.

8. Conducting of a confi rmation experiment—confi rming that the newly chosen parameters 
improve the characteristic of the article through an experiment.

If the expected results are not confi rmed or they are not satisfactory, additional experiments are 
conducted repeating steps 3–8.

OFF-LINE METHODS OF CONTROL

According to Taguchi, the best way to eliminate deviations and inconsistencies is by includ-
ing the quality requirements at the time of the product design and the production process. The 
strategy he developed includes three stages:

• System design: The article’s functional characteristics, the choice of materials, technolo-
gies, and production devices are determined. It is done on the basis of an extensive analy-
sis of market demands and production capabilities. As a result, the product conception 
is created. 

• Parameter design: On the grounds of the conception, the parameters of the product are 
designed. The optimal parameters of the articles and the processes are determined with 
which the infl uence of disturbing factors is minimal. The process of giving the system 
stability and insensitiveness to random disturbances is called robustifi cation. 

• Parameter limits (tolerance) design: After designing the system and the parameters, the 
infl uence of different parameters on the functioning of the system can be evaluated. The 
attention is focused on the decrease and control of the deviations in narrow limits.

SYSTEM DESIGN

A number of methods are used for system design based on creativity and innovation. Creative 
methods can be divided into four groups:

1. Intuitive methods (logical–emotional): A part of them are the different variants of brain-
storming (classical brainstorming, Method 635, and reverse brainstorming), synectics 
(analogies method), and so on.

2. Morphological methods (system–combinative): The optimal combination of all known 
attributes and characteristics of the analyzed object should be found with them. The most 
important characteristics are determined fi rst and arranged in morphological matrices. 
Different combinations of parameters according to the separate criteria are analyzed and 
the best option should be found.

3. Algorithmic (system–programming) methods: They are based on the objective laws of 
technical systems and psychological regularity of creative activity (Mueller’s systematic 
heuristics, Polovinkin’s generalized heuristic algorithm, and so on).

4. Integral methods (system–complex): Methods combining the best of the above listed 
methods. 



PART II: TAGUCHI METHODS  •  191

The methods of Quality Function Deployment (QFD) and Failure Mode and Effect Analysis 
(FMEA) are also widely used. 

Quality Function Deployment

QFD is a powerful and often-used method for granting the quality of design, production, and 
realization of articles. The method was fi rst advanced in Japan by Professor Oshiumi in 1966. 
In 1972, Professor Akao applied the approach in practice in the Mitsubishi–Kobe shipyard and 
for this reason he is considered to be the initiator of the method. QFD is defi ned as a “system 
for transformation of user demands into characteristics appropriate for the relative company at 
each stage of the investigation from product design and development through production, dis-
tribution, planning, sales marketing, and maintenance.” At fi rst, the method had been applied 
only at the stage of articles design where it had proven to be very effective for decrease in the 
time for development and in problems causing frequent project revisions. Due to its effi ciency 
and universality, it has begun to be used at the next stages of the articles’ life cycle as well. The 
stages in the complex application of the method are:

1. Designing of the article: Transformation of specifi c consumer requirements to engineer-
ing value characteristics with the relevant dimensions. 
Example: The requirement of the consumer for a strong fabric is transformed to warp 
strength A (N) and weft strength B (N).

2. Detailed design: Transformation of engineering characteristics to characteristics of 
details, tangles, and elements of the article. 
Example: The warp strength A (N) is determined by the strength of the warp yarn 
C (cN/tex), the warp density D (number of threads/10 cm), the weave E, and so on.

3. Process design: Transformation of the detailed characteristics to characteristics of the 
technological process. 
Example: The strength of the warp threads С (cN/tex) is determined by the speed of the 
spinning machine, the twists of the yarn, the centering, and so on.

4. Design of production: Combination of technological and production characteristics. 
Example: Composition of spinning plan for production of warp threads, technological 
and machine parameters in the preparation of the threads for weaving, in the process of 
weaving, in the fi nishing processing, and so on.

The main characteristics of the method are:

• It is based on the consumer requirements.
• The results of the previous stage are requirements for the next.
• Participation of specialists from different areas and on different levels (horizontal and 

vertical) as decisions are made with consensus.

The main mean of the method is the “House of quality” (Figure ІI.11.1). Three- to fi ve-
degree index-line is used most often for ranging of relations between the elements. In composi-
tion of the matrices, the following order of tasks is applied:
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1. Consumer requirements—consumer wishes are identifi ed by preparation of a full list of 
the requirements determined on the grounds of preliminary data from polls and other 
researches. Both, wanted and unwanted characteristics are recorded. The collected 
information is summarized and classifi ed into a few levels: a small number of essential 
requirements, worked out in details on a second and, if necessary, on a third level.
1.1. Level of importance of requirements—consumer wishes are arranged according to 

their importance and marked with a number.
2. Characteristics of quality—this is the stage of “deployment of the characteristics of 

quality” in which the requirements are transformed to measurable characteristics. The 
characteristics are also presented on levels and numbered.
2.1. Direction of improvement of characteristics—an arrow is used to show whether 

improvement of the quality is obtained with an increase (↑) or a decrease (↓) in the 
value of the parameter or with a nominal value (0).

2.2. Autocorrelation matrix of characteristics—it shows the correlations between the 
separate characteristic (positive or negative).

3. Relations between requirements and characteristics—with the so-called matrix of qual-
ity, the level of conformity of the article’s characteristics with the consumer requirements 
is shown.

4. Competitive power—the matrix shows the consumer evaluation of the article according 
to the different requirements compared to the ones of the competition. In case of lack of 
information, data from service activity can be used.

5. Values and dimensions—the target values and the dimensions of the different character-
istics or their features are specifi ed.
5.1. Level of technical importance—the importance of the separate characteristics and 

their features is given in absolute and relative values. The absolute values can be 
obtained also as the levels of dependency from matrix 3 are multiplied by 9 for a 
strong relation, by 4 for a medium one, by 1 for a weak one and are summed by 
columns.

5.2. Level of technical diffi culty—the diffi culty in improvement of the quality of the 
respective feature is evaluated by a conditional index line.

Depending on the case, additional matrices can be used, for example for control, expenses or 
other technical and economic features.

Failure Mode and Effect Analysis

FMEA is an analytical engineering method used for investigation and elimination of potential 
problems, faults, and errors. In its nature, it is a preventive method for granting the quality of 
articles and processes. It was developed in the early 1960s by NASA for the needs of the Ameri-
can space program. Afterward, it has been applied in aircraft and automobile industry and now 
it has a realization in all branches of industry. In some countries the method is standardized and 
obligatory for branches such as atomic power engineering. The essence of the method is the 
detailed investigation of the article or the process. Any possible error, fault, or nonconformity 
is analyzed and documented, their infl uence on the quality, the risk of their occurrence, and the 
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possibilities for their location and prevention are evaluated. With a simple scheme for catego-
rization, the conditional value of the risk is determined for every potential reason and it recog-
nizes the possibility for recurrence, the effect, and the possible consequences. The possibility 
to fi nd the fault before the article reaches the consumer is determined. The analysis is done for 
each element of the article, or each stage of the process, as special attention is paid to the ones 
on which safety, security, and the other major characteristics depend. The development and the 
introduction of the method are done by a specialized group in which constructors, technolo-
gists, and representatives of the quality control department participate. It is especially important 
that specialists with considerable experience are included in the group.

Design FMEA is used for the analysis of potential error-related construction and materials, 
for example:

• impossibility for manufacturing or assembly;
• low reliability;
• faults in case of regular or irregular exploitation; and
• use of inappropriate materials.

Process FMEA is applied in product development for analysis of possible errors in produc-
tion. In the analysis, the full technical and technological documentation, the prospects of the 

2.1. Direction of improvement 
of characteristics—maximum, 
minimum, middle

2. Characteristics of quality

1. Consumer 
requirements

1.1. Level of 
importance of 
requirements

3. Relations between requirements 
and characteristics

4. Competitive power 
according to consumers

5.2. Level of technical diffi culty

5. Target values and dimensions of 
the technical characteristics

6. Technical competition

5.1. Level of technical importance – 
absolute and relative

2.2. Autocorrelation 
Matrix 

Figure ІI.11.1.  The “House of quality.”
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machines, devices, and equipment are used. Each stage of the process is discussed by the order 
of the technological operations and the following are determined:

• errors and faults due to machines, equipment, and technology;
• errors in control and testing; and
• errors in packing and dispatching.

The main results are written down in a FMEA chart (Figure ІI.11.2).

FMEA chart

For construction For process

FMEA group Working out Development Production Quality

Confi rmed Date………………

Signature…….………

Detail name……………… Draft

Number………………

Producer/supplier………………

Changes: Number……………… from……………… year

Analysis of situation Estimation

№ Detail Function Defect Consequences Reasons Control OCC SEV DET RPN

1 2 3 4 5 6 7 8 9 10 11

Actions for improvement Estimation

Recommended action Executor Realized actions OCC SEV DET RPN

12 13 14 15 16 17 18

Figure ІI.11.2. FMEA chart.
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Its’ development is done in two stages:

1. Condition analysis (columns 1–11) 
Columns 1 to 7 show, respectively, the number, name, function of the detail (or the tech-
nological operation), possible faults or errors, supposed consequences, potential reasons, 
and the provided control. In the following four columns, an evaluation of the condition is 
made by three differentiated (columns 8, 9, and 10) and one complex index (column 11).

• OCC is the probability of occurrence of a fault or an error in the process. It is deter-
mined on the basis of project calculations, results of testing, and experience from 
previous developments. It is evaluated with a point system. An evaluation 1 means 
low probability and 10 means very high probability.

• SEV shows the level of infl uence of the fault. The level of the possible consequences 
is evaluated as, with an evaluation 1 the fault does not have an infl uence on the qual-
ity of the article and with 10 it has a diverse display and severe consequences.

• DET is the probability of detection of the fault (the error) before the article reaches 
the customer or the next operation of the process. Evaluation 1 means the fault will 
be found with certainty and 10 means it will reach the customer.

• RPN is the coeffi cient of risk. It is obtained as a product of the three measures above. 
Depending on the value obtained, it can be determined for which of the faults and 
the errors urgent measures have to be taken (with RPN  > 125) and which ones do not 
affect the (with RPN < 40) process.

2. Actions for improvement
In columns 12–14, the measures that have to be taken regarding the high-risk faults and 
errors, the executors of the recommended activities, and the results of their realization 
are shown. In columns 15–18, a new evaluation of the condition after the measures 
taken is done. Activities are undertaken in case of low values of risk and also in case of 
changes in the construction, the technology, the methods, and the means of control, and 
so on. The chart is disseminated in the departments of the company for notes and recom-
mendations. After fi nalization of the discussion and recording of the changes, the chart is 
approved and sent for execution to the relevant departments and persons. 

The method is characteristic for its high effi ciency and universality which makes it 
an important element of the quality management systems. 

PARAMETER DESIGN

The aim of parameter design is to improve production process and construct the product through 
easily controllable factors. These factors have to be given in such a way that the deviation of 
the product characteristics from the mean value is minimized and the mean value itself takes 
the required target value. Through setting of optimal levels of these factors, the product, to a 
large extent, becomes independent from the variation of the transitory conditions. With param-
eter design one can “eliminate the unfavorable effect of the cause instead of the cause of the 
unfavorable effect.” As a result of this, high-quality articles with stable features are obtained. 
Moreover, if the method is applied systematically in the preproduction stage, it can consider-
ably decrease the prolonged testing for determination of the most cost effective production 
conditions thus saving money and materials.
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Division of Factors

According to Taguchi, the behavior of a product is characterized by two types of factors 
(parameters):

1. Control (manageable) parameters—the ones the values of which can easily be changed 
by the constructor or the technologist.

2. Noncontrol (nuisance) parameters—the ones that are the sources of deviations which 
are most often a result of production, organization, and management conditions. In the 
ideal case, the characteristics of the product should be insensitive to the variation of the 
nuisance parameters.

The control factors are divided in turn into:

1. Target control factors (signal factors)—such factors that affect the mean values of the 
characteristics.

2. Deviation control factors—such factors that affect the deviation of the characteristics.
3. Price factors—such factors that affect neither the mean values nor the deviations but can 

be set as economic requirements.

A scheme of the factors by groups is given in Figure ІI.11.3.

Figure ІI.11.3. Classifi cation of the acting factors.

Factors (parameters, variables)

Control factors (CF) Nuisance factors (NF)

Variance control 
factors (VCF)

Target control
factors (TCF)  

Price factors Inner nuisance Outer nuisance

What distinguishes the approach of Taguchi from traditional methods of control of toler-
ances and quality management is exactly the focus on dispersion. The idea is for the dispersion 
to be decreased through a change of the factors that control it and for the required mean levels 
to be maintained through setting of target control factors.

Elimination or Reduction of the Effect of the Nuisance Factors

In this stage, the aim is for the effect of the nuisance factors to be reduced or eliminated. The 
infl uence of the nuisance factors is simulated during the experiment through their systematic 
variation for each level of the investigated control factors. It is considered that the nuisance 
factors can be controlled within the experiment.
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Test

Inner table

Control factors
1 2 3 ...

Nuisance factors
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Figure ІI.11.4.  Matrix form of the experiment design.

The control parameters vary in accordance with the table of the designed experiment. Usu-
ally a partial orthogonal table is used in which each value of a given parameter is combined 
with each value of all the other parameters (factors) equal number of times. For each row 
(a combination of control factors), observations are made when there is a variation of the nui-
sance factors. The orthogonal table (matrix) is used for determination of the levels and the 
combinations of the nuisance factors. Thus the experiment simulates the effect of the nuisance 
factors on each value of the control parameters as the value in which the dispersion is mini-
mized is determined. The general form of the experiment design can be given in the form of a 
diagram (Figure ІI.11.4). 

The inner matrix (of the control parameters) has m rows and the outer matrix (of the nui-
sance factors) has n rows and the number of observations of the value of the output variable is 
m·n. They are used for calculation of measures characterizing each of the m inner rows.

The inner matrix is selected and not a random subset in the area of the nuisance factors. The 
experimental levels of the nuisance parameters are chosen in such a way that the whole area is 
covered. If the distribution of the nuisance factor, Ni, has a mean value, mi, a standard deviation, 
Si, and a symmetrical distribution, Taguchi recommends:

• with a postulation that Ni has a linear effect, the factor has to be varied in the following 
two levels: (mi – Si) and (mi Si)

• with a postulation that Ni has a nonlinear effect, the factor has to be varied in the following 

 three levels: ( )3 ,2i im S−  mi, and ( )3 .2i im S+

The experiment can be conducted physically or by computer simulations provided that the 
reaction of the model can be numerically calculated. When a physical experiment is conducted, 
in many of the cases it is impossible or too expensive for it to be conducted in compliance with 
the design of setting of the parameters shown in Figure ІI.11.4. Then the conducting of a partial 
experiment is recommended as the parameters are varied on two or no more than three levels. If 
the nuisance factors cannot be controlled, Taguchi recommends that as many random observa-
tions as possible should be made for each row as much as the economic preconditions allow it. 
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This approach is also used in the classical experiment designing. The difference is that in this 
case the repetition of every test is used for determination of the dispersion index while in the 
classical case the repetitions are used for determination of the total experimental error.

Characteristic Measures

From the test results for each combination of control factors, two characteristic indices are 
calculated:

1. Target performance measure (TPM), which shows the mean value of the characteristic 
for each group of values. It is used to determine the control factors affecting the mean 
value of the output parameter, as well as for its adjustment to the desired target value. It 
is determined by the mean arithmetic value for each test. 

2. Nuisance performance measure (NPM), which shows the variation in the studied charac-
teristics. It serves to determine the control parameters and fi nd the optimal combination 
of values of the parameters in which the dispersion (or the effect of the nuisance factors) 
is minimized.

For determination of the nuisance measure in the presence of one target value, Taguchi recom-
mends the use of the so-called signal-to-noise ratio which is calculated from the reciprocal 
value of the variation coeffi cient. For each of the experimental tests, the SNR measure is
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where x  is the mean value of the target measure,
S is the standard deviation of the target measure.

When the desired characteristics of the reaction of the system are “the lesser the better” (e.g., in 
case of faulty articles), Taguchi recommends the use of the measure:
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where n is the number of tests,
xi is the values of the separate tests.

When the requirements are “the more the better,” Taguchi recommends the determination of 
the measure:
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1
10log .ix

n
q −⎧ ⎫= − ⎨ ⎬

⎩ ⎭∑  (ІІ.11.3)

When the characteristics are measured by a binary index-line (fi t/unfi t, success/failure), what is 
suggested is the determination of: 

 1010log ,
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 (ІІ.11.4)



PART II: TAGUCHI METHODS  •  199

where р is the share of the desired (favorable) cases. The measures recommended by Taguchi 
have to be used carefully. If there is no functional correlation between the mean value and the 
dispersion, even only the logarithm of the dispersion S2 can be used for evaluation of the noise. 
It is appropriate for the SNR measure to be applied in the presence of linear correlation between 
the mean value and the dispersion. By correlating the two values, we can achieve independency 
of the deviation control factors from the target control factors. 

Interactions between the Factors

Taguchi states that “a man who does not believe in the existence of nonlinear effects is a man 
removed from reality.” However, he considers that engineers can determine such levels of the 
studied factors that some (or all) effects of interaction can become insignifi cant for the specifi c 
experiment. In this sense, the partial design is not only more economical but it can also prove 
to be more appropriate for the respective experiment. At the same time Taguchi strongly recom-
mends the conducting of a confi rmation experiment after the determination of the optimal values.

In Table ІІ.11.1 we can see the orthogonal table that can be considered as three main 
factors (А, В, and С) and all possible interactions between them or seven main factors (А, В, С, D, 
E, F, and G) without considering the interactions.

The processing of the test results is done in the following order:

1. The mean dispersion for each test is determined:

 2 2

1

1
.

n

j ij

i

S x
n =

= ∑  (ІІ.11.5)

2. The logarithms of the mean dispersion are taken and as a result of that there is a transfor-
mation from linear scale to decibels:

 ( )2
1010logj jz S= −  [dB]. (ІІ.11.6)

Table ІІ.11.1. Taguchi’s orthogonal table

Test A B C
D

A × B
E

A × C
F

B × C
G

A × B × C Results

1 1 1 1 1 1 1 1 x11 … x1n

2 1 1 2 1 2 2 2 x21 … x2n

3 1 2 1 2 1 2 2 …
4 1 2 2 2 2 1 1 …
5 2 1 1 2 2 1 2 …
6 2 1 2 2 1 2 1 …
7 2 2 1 1 2 2 1 …
8 2 2 2 1 1 1 2 x81 … x8n
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3. Separation of the desired signal from the noise. The mean value of zj is calculated and 
then also the differences dzj:
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 .j jdz z z= −  (ІІ.11.8)

4. After obtaining the values of the desired signal dzj, the processing continues in the classi-
cal method of conducting of dispersion analysis: the total sum of the squares, the sums of 
the squares of the separate factors, and the evaluations of the dispersions are determined.

5. Following the procedure, the dispersion analysis is fi nalized with determination of the 
residual dispersion and verifi cation of hypotheses with the Fisher’s criterion. In order 
to avoid the signifi cant number of experiments, Taguchi suggests that the sums of the 
separate factors are compared and the ones having smaller values, that is, have a non-
essential infl uence, are eliminated. The eliminated factors are ranked with the residual 
dispersion (the experiment error) and the verifi cation with the Fisher’s criterion is done 
only for the remaining essential factors. With a postulation that the factors E, F, and G 
were eliminated as nonessential, a dispersion table is constructed (Table ІІ.11.2).

6. Determination of the relative share of each factor in the total dispersion: 
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where k is the respective factor.
The expression in the brackets is the net variation of the factor.

Table ІІ.11.2. Taguchi’s dispersion table

Source of 
dispersion 

Degrees of 
freedom

Sum of the 
squares 

Dispersion 
evaluation FR

Factor А fA = 1 QA
2
A AS Q=

2

2
A

R

S

S

Factor В fB = 1 QB
2
B BS Q=

2

2
B

R

S

S

Factor А × В fAB = 1 QAB
2
AB ABS Q=

2

2
AB

R

S

S

Factor D fD = 1 QD
2
D DS Q=

2

2
D

R

S

S

Residual errors fR = 3 QR
2

3
R

R
Q

S =

Total 7 Q
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7. Determination of the optimal level for each factor. When there is a combination in 
the group of the essential factors, the determination of the optimal levels starts from it. 
The mean values of the desired signal are calculated for all combinations of levels, for 
the example this is the combination А × В:

 1 2
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The optimal levels of each of the factors А and В correspond to the sum with the maxi-
mum value. If this is the second sum, the optimal level for the factor A is 1 and for B is 2. 
The mean values of the desired signal for the single factors are determined in an analogi-
cal way, and from the maximum values the optimal level:
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8. Determination of the quality improvement. For this purpose, the mean value of the dif-
ferences δzj is calculated:
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and the quality index QIk is determined for each factor k:

 ,max .k kQI Q zd= −  (ІІ.11.17)

The value of QIk shows the quality improvement due to the optimally determined 
level of the respective factor. If the value δz corresponding to the combination of levels 
before the optimization is known (usually this is the fi rst row of Table ІІ.11.1), the gen-
eral quality improvement can also be determined:

 ,max 1.kQI Q zd= −∑  (ІІ.11.18)
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The obtained value for QI is in decibels. The transition to a linear scale is done through 
the reverse transformation:

 1010 .
Q

LQI
−

=  (ІІ.11.19)

If the variance S2 of the variable xij before the optimization is known, the value of the 
variance after the optimization can be determined with the help of QIL:

 2 2.opt LS QI S= ⋅  (ІІ.11.20)

The results of the optimization in fi nance units can be shown in the same way. With loss 
of the consumer L0 before the optimization, they will be:

 
0 ,LL QI L= ⋅  (ІІ.11.21)

and the difference (L – L0) will be the profi t of the quality improvement.
For optimization of the costs, the loss function is used and it will be presented later.

DESIGN OF THE PARAMETER TOLERANCES (TOLERANCE PLAN)

If it is not possible to achieve elimination of the effect from the nuisance (internal and external) 
factors through parameter design, Taguchi recommends design of the tolerance of the article’s 
parameters. The design is done by the procedures described above but additional factors are 
also included that may have been eliminated in the initial stages due to the high price, or the 
diffi culty for conducting of the necessary experiments. If the effect of the nuisance factors is not 
eliminated even with this approach, what can be suggested is an investigation of the tolerance 
of the products’ components. The optimal levels of the factors determined during the previous 
stage are kept but the tolerance of factors essential to the price and the quality is decreased. 
Thus the deviation of the reaction is decreased to admissible levels. The decrease in the toler-
ance of the essential factors allows a certain extension of the tolerance for components that are 
not so responsible.

Tolerance determination is a systematic procedure that identifi es the most important nui-
sance factors and suggests a price-effective way of their control. This is the stage in which we 
make decisions for elimination of those nuisance factors, the effect of which cannot be elimi-
nated. Tolerance design is done after the stage of parameter design and only under the condition 
that the previous procedures did not give the desired effect.

LOSS FUNCTION

Taguchi defi nes quality as “losses to society after the moment of manufacturing of a given 
product.” These losses are a result of a consumers’ dissatisfaction and have a direct display as 
losses from reclamations and so on, as well as an indirect one from reputation loss. According 
to Taguchi, a product causes loss not only when it is not in conformity with the requirements but 
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also when it deviates from its target value. He considers that the purpose of each program for 
quality improvement should be the minimization of variations in the product’s characteristics 
with respect to the target value. The higher the deviation is from this value, the bigger the losses 
for consumers and producers are.

The Taguchi loss function L(X) is a square correlation presenting a relation between fi nan-
cial loss and deviation of the product’s functional characteristics (Figure ІI.11.5):

 
2

2

( )
( ) ,

M X t
L X

D

−
=  (ІІ.11.22)

where М is the loss of the consumer in money in case of exceeding the consumer tolerance,
Х is characteristic of the product,
t is target value,
D is consumer tolerance.

S

X
t + Dt-D

C

L
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Expences

Cm

C0

t

0 qr

Figure ІI.11.5. Taguchi loss function.

As it can be seen in Figure ІI.11.5, the expenses for the product are minimal (С0) with a value 
of the parameter equal to the target value t. The correlation between the expenses L and the 
deviation from the target value S has the following form:

 2( ) ,L x k S= ⋅  (ІІ.11.23)

where k is the proportionality coeffi cient.
The interpretation of the Taguchi function shows that articles with parameters within the 

limits of tolerance are not all with the same quality. This is confi rmed by the fact that the com-
panies that work with a bigger reserve of technological accuracy (dispersion lower than the 
tolerance) with the same tolerance as their competition are the ones with higher quality of the 
production.
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APPLICATION OF THE FUNCTION

1. Determination of the tolerance of functional parameters:
In some cases, determination of the tolerance of the article’s parameters is done on the 
basis of well-grounded methods as the conditions of exploitation, purpose, used mate-
rial, and other requirements to the articles are taken in consideration. Unfortunately, in 
most cases there are no objective criteria for their choice and they are chosen by the 
constructor on the grounds of his practical experience and intuition. Often the size of the 
tolerance is determined also by the resources of the production equipment. The Taguchi 
approach allows for the tolerance to be determined depending on the loss of the customer 
and the producer.

Example

Determination of the optimal interval between standard sizes. It has been found that 
the tolerance limits of maximal admissible discomfort for an average customer are 
r = –2.5 сm and q = 6 сm. Above these deviations, the customer is willing to pay 
additionally 80 monetary units.

According to equation (ІІ.11.23) two coeffi cients k can be determined that cor-
respond to the lower r and the upper q tolerance limit:

1 2

80
12.8

2.5
k = =  and 2 2

80
2.22.

6
k = =

If the interval between the standard sizes is 10 сm and a specifi c customer has a size 
which is bigger by 3 cm than a given standard size, he has to choose between an 
article with 3 cm tightness (buying the smaller size) or with 7 cm looseness (buying 
the bigger size). The loss for the customer in this case will be:

2
1 1( 3) ( 3) 115.2L k− = − =  units and

2
2 2( 7) (7) 108.78L k+ = =  units.

As this loss is higher than the additional expenses for a special order (80 units), this 
customer will prefer a special workmanship.

The example shows that in the given case the interval T between the standard 
sizes is not optimal and has to be decreased. This however will lead to an increase of 
the expenses for the producer who will have to produce a higher number of standard 
sizes. The losses in the distribution network will also increase as more warehouse 
reserve and area will be necessary for them. If the loss for the distributor is 10 units 
per article, then they are lower than the production loss (80 units). In this case, the loss 
of the distributor can be used as a criterion for determination of the optimal interval 
between standard sizes. The loss of the customer and of the distributor will become 
equal as the optimal expenses will be L0 = 10 units.

(Continued)
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With a postulation that the value distribution within the tolerance is even (equally 
probable), then the mean value of loss can be determined by integration of equation 
(ІІ.11.23) in the interval Т:

 
0

2 2
1 2

0

1
q

mean

r

L k S dx k S dx
T

−

⎛ ⎞
= +⎜ ⎟

⎜ ⎟⎝ ⎠
∫ ∫ . (ІІ.11.24)

Placing Lmean = L0 = 10 units and replacing with the values k1 and k2, we get:

3
31 12.8

10 2.22
3

r
q

T

⎛ ⎞
= +⎜ ⎟⎝ ⎠

.

Taking into consideration that the loss for the two limit tolerances is equal, from 
 formula (ІІ.11.23) the result is

 2 2
1 2k r k q= . (ІІ.11.25)

The optimal values are obtained by solving equations (ІІ.11.24) and (ІІ.11.25) together 
and by taking into consideration that T = q + r:

q = 3.67 cm;  r = 1.53 cm;  T = 5.20 cm.

The examined example shows that the methods can be used for determination of 
the optimal tolerance of a given functional parameter though analysis of the losses in 
the producer–distributor–consumer chain. It can also be acted analogically within a 
given production if as a “producer” we consider the executer of the initial operations, 
as a “distributor,” the executer of the intermediate operations and as a “consumer” the 
executer of the fi nishing operations. For facility’s sake we can agree that the tolerance 
is situated symmetrically toward the nominal value of the parameter. Even in cases 
of nonsymmetrical distribution, the tolerance can be seen as symmetrical towards the 
mean value.

Let us presume that the tolerance limits qk of a given parameter have a critical value, 
that is, if these limits are exceeded, the functional characteristics of the article will be 
disturbed. In this case, the customer will have a fi nancial loss:

2 ,k kL kq=

that is, the proportionality coeffi cient is

 2
.k

k

L
k

q
=  (ІІ.11.26)
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The losses for the customer include direct and indirect expenses and can be determined 
by accounting: the transportation expenses for return of the article, the consumed time, 
the caused production complications, and so on. In most cases the exact determina-
tion is impossible but an approximate evaluation with an error of about 20–30 % can 
be determined. When the bought article is returned to the distributor, he will realize 
losses for transportation, warehouse space, labor, and other expenses related with the 
reclamation to the producer. If the loss for the distributor is Ld, the value of the toler-
ance limit qd can be determined so that the loss for the producer does not exceed Ld. As 

2
d dL kq= , then for qd can be written:

 .d
d k

k

L
q q

L
=  (ІІ.11.27)

However, the distributor cannot affect the quality of the article. A correction can only 
be made by the producer whose expenses for fault correction and second control are:

2.ï ïL kq=

After replacement of the coeffi cient k, the optimal tolerance limit qп can be determined 
and respectively the optimal tolerance Тp for the producer (Т = 2q):

 .
p

p k
k

L
T T

L
=  (ІІ.11.28)

The correlation shows that the tolerance of the producer depends on the tolerance of 
the customer. However, the loss for the distributor has to be added to the loss for the 
customer too. 

2. Relation of the loss function to process stability:
The coeffi cient of process stability according to formula (І.4.1) is

.
6p
T

C
s

=

The mean loss for a unit of an article due to dispersion within the tolerance can be 
expressed with the variance σ2 according to formula (ІІ.11.23):

2.meanL ks=

As ,
6 p

T

C
s =

⋅
 then the loss is:

 
2

.
6mean

p

T
L k

C

⎛ ⎞
= ⎜ ⎟⋅⎝ ⎠

 (ІІ.11.29)
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Example

The mean loss in the production of an article with tolerance Т = 5.2 cm and a propor-
tionality coeffi cient k = 50 should be determined for stability coeffi cients Ср = 1 and 
Ср = 1.33.

With Ср = 1, the mean loss for a unit of an article is:

2
5.2

50 38
6 1meanL

⎛ ⎞= =⎜ ⎟⎝ ⎠×
 units.

With Ср = 1.33, the mean loss for a unit of an article is:

2
5.2

50 33
6 1.33meanL

⎛ ⎞= =⎜ ⎟⎝ ⎠×
 units.

The difference between the expenses for the two stability coeffi cients is 5 units which, 
with an annual production of 100,000 pieces, gives a saving of 500,000 units. 

With the suggested methods, a comparison between two technological processes 
with different values of L and Ср can be made. The loss is inversely proportional of the 
square of the stability coeffi cient:

 
2

21

2 1

.
p

p

CL

L C

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
 (ІІ.11.30)

The correlations obtained allow for a determination to be made on the need for improvement 
of the technological process. If the expenses for its improvement exceed the saved losses 
which are determined through the loss function, then improvements must not be made.

3. Determination of the tolerances of affecting parameters:
The quality features of the end product depend on the tolerances of the parameters of 
the input materials (e.g., length of fi bers, linear density, sliver irregularity, deviations 
from the width of the made-up textile article). If Ls is the loss for the subsupplier from 
rejection of his products, then the tolerance of the subsupplier can be determined from 
formula (ІІ.11.28) as:

 ,
/

p
s

s p

T
T

p L L
=  (ІІ.11.31)

where р is the proportionality coeffi cient accounting the infl uence of a given parameter 
on the characteristics of the end product. It is determined by the ratio:

 ,
y

x

S
p

S
=  (ІІ.11.32)

where Sx and Sу are the deviations from the nominal of the input and the output parameter.
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4. Determination of the tolerances of parameter that change in time:
A number of parameters of the article change in time or with exploitation. If q is the 
period for which the change is determined (this usually is the period of the article), then 
the tolerance of the subsupplier is determined as:

  .
3 /

p
s

s p

T
T

p L Lq
=  (ІІ.11.33)

After a determination of the tolerances of all parameters affecting the characteristics of 
the end product Tc,i, the loss functions for each parameter Lc,i are determined. The total 
loss due to deviations from the nominal values is

 , 2
2

1 ,

.

2

n
c i

i c i

L
L

T
s

=

=
⎛ ⎞
⎜ ⎟⎝ ⎠

∑  (ІІ.11.34)

The analysis of this function allows for a comparison to be made between articles 
from one and the same kind so that their quality is determined objectively. 

5. Technical and economic ground and analysis of projects for technological, control, and 
other equipment:
When the choice of machines, reference instruments, and so on is made, grounding has 
to be made not only for the main technical parameters, but also an economic ground-
ing proving their profi tability for the projected period of use. Taguchi suggests that the 
dispersion of the parameters of the ready production is used as a criterion of quality and 
the choice is made after an evaluation of the loss function. The total expenses for quality 
improvement are:

 2
2

,

2

p

p

LC
L

N T
s= +

⎛ ⎞
⎜ ⎟⎝ ⎠

 (ІІ.11.35)

where С is the annual expenses for equipment, 
N is the number of articles produced per year.

In this way, the expenses for quality granting can be determined even before the pur-
chase of equipment. When a comparison is made with the existing condition regarding 
the quality and the expenses, the relation between the dispersion, the tolerances, and the 
stability coeffi cient of the existing process are used.

For the output condition they are: 

 
( )2

,
3

o n

p

C L
L

N C
= +  (ІІ.11.36)

where Со is the existing annual expenses. The positive difference between formulae 
(ІІ.11.35) and (ІІ.11.36) is the profi t from quality improvement.

The presented system of methods with the use of the loss function offers the possi-
bility of comparative analysis, an evaluation of the quality of technological and control 
resources, and well-grounded choice in consideration of technical and economical criteria.
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APPENDIX 1

STUDENT’S T-DISTRIBUTION

as a function of the probability a and the degrees of freedom f 

    α
f 0.20 0.10 0.05 0.025 0.01 0.005 0.001

 1 3.078 6.314 12.706 25.452 63.656 127.321 636.578
 2 1.886 2.920 4.303 6.205 9.925 14.089 31.600
 3 1.638 2.353 3.182 4.177 5.841 7.453 12.924
 4 1.533 2.132 2.776 3.495 4.604 5.598 8.610
 5 1.476 2.015 2.571 3.163 4.032 4.773 6.869
 6 1.440 1.943 2.447 2.969 3.707 4.317 5.959
 7 1.415 1.895 2.365 2.841 3.499 4.029 5.408
 8 1.397 1.860 2.306 2.752 3.355 3.833 5.041
 9 1.383 1.833 2.262 2.685 3.250 3.690 4.781
10 1.372 1.812 2.228 2.634 3.169 3.581 4.587
11 1.363 1.796 2.201 2.593 3.106 3.497 4.437
12 1.356 1.782 2.179 2.560 3.055 3.428 4.318
13 1.350 1.771 2.160 2.533 3.012 3.372 4.221
14 1.345 1.761 2.145 2.510 2.977 3.326 4.140
15 1.341 1.753 2.131 2.490 2.947 3.286 4.073
16 1.337 1.746 2.120 2.473 2.921 3.252 4.015
17 1.333 1.740 2.110 2.458 2.898 3.222 3.965
18 1.330 1.734 2.101 2.445 2.878 3.197 3.922
19 1.328 1.729 2.093 2.433 2.861 3.174 3.883
20 1.325 1.725 2.086 2.423 2.845 3.153 3.850
21 1.323 1.721 2.080 2.414 2.831 3.135 3.819

(Continued)
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    α
f 0.20 0.10 0.05 0.025 0.01 0.005 0.001

22 1.321 1.717 2.074 2.405 2.819 3.119 3.792
23 1.319 1.714 2.069 2.398 2.807 3.104 3.768
24 1.318 1.711 2.064 2.391 2.797 3.091 3.745
25 1.316 1.708 2.060 2.385 2.787 3.078 3.725
26 1.315 1.706 2.056 2.379 2.779 3.067 3.707
27 1.314 1.703 2.052 2.373 2.771 3.057 3.689
28 1.313 1.701 2.048 2.368 2.763 3.047 3.674
29 1.311 1.699 2.045 2.364 2.756 3.038 3.660
30 1.310 1.697 2.042 2.360 2.750 3.030 3.646
40 1.303 1.684 2.021 2.329 2.704 2.971 3.551
50 1.299 1.676 2.009 2.311 2.678 2.937 3.496
100 1.290 1.660 1.984 2.276 2.626 2.871 3.390
150 1.287 1.655 1.976 2.264 2.609 2.849 3.357
200 1.286 1.653 1.972 2.258 2.601 2.838 3.340
∞ 1.282 1.645 1.960 2.241 2.576 2.807 3.290

(Continued)
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APPENDIX 2

CHI-SQUARED χ2-DISTRIBUTION

as a function of the probability a and the degrees of freedom f 

    α
f 0.99 0.975 0.95 0.05 0.025 0.01

 1 0.0002 0.001 0.004 3.841 5.024 6.635
 2 0.020 0.051 0.103 5.991 7.378 9.210
 3 0.115 0.216 0.352 7.815 9.348 11.345
 4 0.297 0.484 0.711 9.488 11.143 13.277
 5 0.554 0.831 1.145 11.070 12.832 15.086
 6 0.872 1.237 1.635 12.592 14.449 16.812
 7 1.239 1.690 2.167 14.067 16.013 18.475
 8 1.647 2.180 2.733 15.507 17.535 20.090
 9 2.088 2.700 3.325 16.919 19.023 21.666
10 2.558 3.247 3.940 18.307 20.483 23.209
11 3.053 3.816 4.575 19.675 21.920 24.725
12 3.571 4.404 5.226 21.026 23.337 26.217
13 4.107 5.009 5.892 22.362 24.736 27.688
14 4.660 5.629 6.571 23.685 26.119 29.141
15 5.229 6.262 7.261 24.996 27.488 30.578
16 5.812 6.908 7.962 26.296 28.845 32.000
17 6.408 7.564 8.672 27.587 30.191 33.409
18 7.015 8.231 9.390 28.869 31.526 34.805
19 7.633 8.907 10.117 30.144 32.852 36.191
20 8.260 9.591 10.851 31.410 34.170 37.566
21 8.897 10.283 11.591 32.671 35.479 38.932

(Continued)
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    α
f 0.99 0.975 0.95 0.05 0.025 0.01

22 9.542 10.982 12.338 33.924 36.781 40.289
23 10.196 11.689 13.091 35.172 38.076 41.638
24 10.856 12.401 13.848 36.415 39.364 42.980
25 11.524 13.120 14.611 37.652 40.646 44.314
26 12.198 13.844 15.379 38.885 41.923 45.642
27 12.878 14.573 16.151 40.113 43.195 46.963
28 13.565 15.308 16.928 41.337 44.461 48.278
29 14.256 16.047 17.708 42.557 45.722 49.588
30 14.953 16.791 18.493 43.773 46.979 50.892
40 22.164 24.433 26.509 55.758 59.342 63.691
50 29.707 32.357 34.764 67.505 71.420 76.154
100 70.065 74.222 77.929 124.342 129.561 135.807
150 112.668 117.985 122.692 179.581 185.800 193.207
200 156.432 162.728 168.279 233.994 241.058 249.445

(Continued)
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FISHER’S F-DISTRIBUTION
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for probability a = 0.05

    f1
f2 1 2 3 4 5 6 7 8 9 10 15 20 30 ∞

 1 161.4 199.5 215.7 224.6 230.2 234.0 236.8 238.9 240.5 241.9 245.9 248.0 250.1 254.3
 2 18.51 19.00 19.16 19.25 19.30 19.33 19.35 19.37 19.38 19.40 19.43 19.45 19.46 19.50
 3 10.13 9.55 9.28 9.12 9.01 8.94 8.89 8.85 8.81 8.79 8.70 8.66 8.62 8.53
 4 7.71 6.94 6.59 6.39 6.26 6.16 6.09 6.04 6.00 5.96 5.86 5.80 5.75 5.63
 5 6.61 5.79 5.41 5.19 5.05 4.95 4.88 4.82 4.77 4.74 4.62 4.56 4.50 4.36
 6 5.99 5.14 4.76 4.53 4.39 4.28 4.21 4.15 4.10 4.06 3.94 3.87 3.81 3.67
 7 5.59 4.74 4.35 4.12 3.97 3.87 3.79 3.73 3.68 3.64 3.51 3.44 3.38 3.23
 8 5.32 4.46 4.07 3.84 3.69 3.58 3.50 3.44 3.39 3.35 3.22 3.15 3.08 2.93
 9 5.12 4.26 3.86 3.63 3.48 3.37 3.29 3.23 3.18 3.14 3.01 2.94 2.86 2.71
10 4.96 4.10 3.71 3.48 3.33 3.22 3.14 3.07 3.02 2.98 2.85 2.77 2.70 2.54
11 4.84 3.98 3.59 3.36 3.20 3.09 3.01 2.95 2.90 2.85 2.72 2.65 2.57 2.40
12 4.75 3.89 3.49 3.26 3.11 3.00 2.91 2.85 2.80 2.75 2.62 2.54 2.47 2.30
13 4.67 3.81 3.41 3.18 3.03 2.92 2.83 2.77 2.71 2.67 2.53 2.46 2.38 2.21
14 4.60 3.74 3.34 3.11 2.96 2.85 2.76 2.70 2.65 2.60 2.46 2.39 2.31 2.13
15 4.54 3.68 3.29 3.06 2.90 2.79 2.71 2.64 2.59 2.54 2.40 2.33 2.25 2.07
16 4.49 3.63 3.24 3.01 2.85 2.74 2.66 2.59 2.54 2.49 2.35 2.28 2.19 2.01
17 4.45 3.59 3.20 2.96 2.81 2.70 2.61 2.55 2.49 2.45 2.31 2.23 2.15 1.96
18 4.41 3.55 3.16 2.93 2.77 2.66 2.58 2.51 2.46 2.41 2.27 2.19 2.11 1.92
19 4.38 3.52 3.13 2.90 2.74 2.63 2.54 2.48 2.42 2.38 2.23 2.16 2.07 1.88
20 4.35 3.49 3.10 2.87 2.71 2.60 2.51 2.45 2.39 2.35 2.20 2.12 2.04 1.84
21 4.32 3.47 3.07 2.84 2.68 2.57 2.49 2.42 2.37 2.32 2.18 2.10 2.01 1.81

(Continued)
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22 4.30 3.44 3.05 2.82 2.66 2.55 2.46 2.40 2.34 2.30 2.15 2.07 1.98 1.78
23 4.28 3.42 3.03 2.80 2.64 2.53 2.44 2.37 2.32 2.27 2.13 2.05 1.96 1.76
24 4.26 3.40 3.01 2.78 2.62 2.51 2.42 2.36 2.30 2.25 2.11 2.03 1.94 1.73

25 4.24 3.39 2.99 2.76 2.60 2.49 2.40 2.34 2.28 2.24 2.09 2.01 1.92 1.71
26 4.23 3.37 2.98 2.74 2.59 2.47 2.39 2.32 2.27 2.22 2.07 1.99 1.90 1.69
27 4.21 3.35 2.96 2.73 2.57 2.46 2.37 2.31 2.25 2.20 2.06 1.97 1.88 1.67
28 4.20 3.34 2.95 2.71 2.56 2.45 2.36 2.29 2.24 2.19 2.04 1.96 1.87 1.65
29 4.18 3.33 2.93 2.70 2.55 2.43 2.35 2.28 2.22 2.18 2.03 1.94 1.85 1.64
30 4.17 3.32 2.92 2.69 2.53 2.42 2.33 2.27 2.21 2.16 2.01 1.93 1.84 1.62
40 4.08 3.23 2.84 2.61 2.45 2.34 2.25 2.18 2.12 2.08 1.92 1.84 1.74 1.51
50 4.03 3.18 2.79 2.56 2.40 2.29 2.20 2.13 2.07 2.03 1.87 1.78 1.69 1.44
100 3.94 3.09 2.70 2.46 2.31 2.19 2.10 2.03 1.97 1.93 1.77 1.68 1.57 1.28
150 3.90 3.06 2.66 2.43 2.27 2.16 2.07 2.00 1.94 1.89 1.73 1.64 1.54 1.22
200 3.89 3.04 2.65 2.42 2.26 2.14 2.06 1.98 1.93 1.88 1.72 1.62 1.52 1.19
∞ 3.84 3.00 2.60 2.37 2.21 2.10 2.01 1.94 1.88 1.83 1.67 1.57 1.46 1.00
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FISHER’S F-DISTRIBUTION
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for probability a = 0.01

    f1
 f2 1 2 3 4 5 6 7 8 9 10 15 20 30 ∞

 1 4052 4999 5404 5624 5764 5859 5928 5981 6022 6056 6157 6209 6240 6260
 2 98.50 99.00 99.16 99.25 99.30 99.33 99.36 99.38 99.39 99.40 99.43 99.45 99.46 99.47
 3 34.12 30.82 29.46 28.71 28.24 27.91 27.67 27.49 27.34 27.23 26.87 26.69 26.58 26.50
 4 21.20 18.00 16.69 15.98 15.52 15.21 14.98 14.80 14.66 14.55 14.20 14.02 13.91 13.84
 5 16.26 13.27 12.06 11.39 10.97 10.67 10.46 10.29 10.16 10.05 9.72 9.55 9.45 9.38
 6 13.75 10.92 9.78 9.15 8.75 8.47 8.26 8.10 7.98 7.87 7.56 7.40 7.30 7.23
 7 12.25 9.55 8.45 7.85 7.46 7.19 6.99 6.84 6.72 6.62 6.31 6.16 6.06 5.99
 8 11.26 8.65 7.59 7.01 6.63 6.37 6.18 6.03 5.91 5.81 5.52 5.36 5.26 5.20
 9 10.56 8.02 6.99 6.42 6.06 5.80 5.61 5.47 5.35 5.26 4.96 4.81 4.71 4.65
10 10.04 7.56 6.55 5.99 5.64 5.39 5.20 5.06 4.94 4.85 4.56 4.41 4.31 4.25
11 9.65 7.21 6.22 5.67 5.32 5.07 4.89 4.74 4.63 4.54 4.25 4.10 4.01 3.94
12 9.33 6.93 5.95 5.41 5.06 4.82 4.64 4.50 4.39 4.30 4.01 3.86 3.76 3.70
13 9.07 6.70 5.74 5.21 4.86 4.62 4.44 4.30 4.19 4.10 3.82 3.66 3.57 3.51
14 8.86 6.51 5.56 5.04 4.69 4.46 4.28 4.14 4.03 3.94 3.66 3.51 3.41 3.35
15 8.68 6.36 5.42 4.89 4.56 4.32 4.14 4.00 3.89 3.80 3.52 3.37 3.28 3.21
16 8.53 6.23 5.29 4.77 4.44 4.20 4.03 3.89 3.78 3.69 3.41 3.26 3.16 3.10
17 8.40 6.11 5.19 4.67 4.34 4.10 3.93 3.79 3.68 3.59 3.31 3.16 3.07 3.00
18 8.29 6.01 5.09 4.58 4.25 4.01 3.84 3.71 3.60 3.51 3.23 3.08 2.98 2.92
19 8.18 5.93 5.01 4.50 4.17 3.94 3.77 3.63 3.52 3.43 3.15 3.00 2.91 2.84
20 8.10 5.85 4.94 4.43 4.10 3.87 3.70 3.56 3.46 3.37 3.09 2.94 2.84 2.78
21 8.02 5.78 4.87 4.37 4.04 3.81 3.64 3.51 3.40 3.31 3.03 2.88 2.79 2.72
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22 7.95 5.72 4.82 4.31 3.99 3.76 3.59 3.45 3.35 3.26 2.98 2.83 2.73 2.67
23 7.88 5.66 4.76 4.26 3.94 3.71 3.54 3.41 3.30 3.21 2.93 2.78 2.69 2.62
24 7.82 5.61 4.72 4.22 3.90 3.67 3.50 3.36 3.26 3.17 2.89 2.74 2.64 2.58

25 7.77 5.57 4.68 4.18 3.85 3.63 3.46 3.32 3.22 3.13 2.85 2.70 2.60 2.54
26 7.72 5.53 4.64 4.14 3.82 3.59 3.42 3.29 3.18 3.09 2.81 2.66 2.57 2.50
27 7.68 5.49 4.60 4.11 3.78 3.56 3.39 3.26 3.15 3.06 2.78 2.63 2.54 2.47
28 7.64 5.45 4.57 4.07 3.75 3.53 3.36 3.23 3.12 3.03 2.75 2.60 2.51 2.44
29 7.60 5.42 4.54 4.04 3.73 3.50 3.33 3.20 3.09 3.00 2.73 2.57 2.48 2.41
30 7.56 5.39 4.51 4.02 3.70 3.47 3.30 3.17 3.07 2.98 2.70 2.55 2.45 2.39
40 7.31 5.18 4.31 3.83 3.51 3.29 3.12 2.99 2.89 2.80 2.52 2.37 2.27 2.20
50 7.17 5.06 4.20 3.72 3.41 3.19 3.02 2.89 2.78 2.70 2.42 2.27 2.17 2.10
100 6.90 4.82 3.98 3.51 3.21 2.99 2.82 2.69 2.59 2.50 2.22 2.07 1.97 1.89
150 6.81 4.75 3.91 3.45 3.14 2.92 2.76 2.63 2.53 2.44 2.16 2.00 1.90 1.83
200 6.76 4.71 3.88 3.41 3.11 2.89 2.73 2.60 2.50 2.41 2.13 1.97 1.87 1.79
∞ 6.63 4.61 3.78 3.32 3.02 2.80 2.64 2.51 2.41 2.32 2.04 1.88 1.77 1.70
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COCHRAN’S CRITICAL VALUES
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 f1
 f2 1 2 3 4 5 6 7 8 9 10 15 20 30 ∞

Probability a = 0.05

2 0.999 0.975 0.939 0.906 0.877 0.853 0.833 0.816 0.801 0.788 0.734 0.660 0.581 0.500
3 0.967 0.871 0.798 0.746 0.707 0.677 0.653 0.633 0.617 0.603 0.547 0.475 0.403 0.333
4 0.907 0.768 0.684 0.629 0.590 0.560 0.537 0.518 0.502 0.488 0.437 0.372 0.309 0.250
5 0.841 0.684 0.598 0.544 0.507 0.478 0.456 0.439 0.424 0.412 0.365 0.307 0.251 0.200
6 0.781 0.616 0.532 0.480 0.445 0.418 0.398 0.382 0.368 0.357 0.314 0.261 0.212 0.167
7 0.727 0.561 0.480 0.431 0.397 0.373 0.354 0.338 0.326 0.315 0.276 0.228 0.183 0.143
8 0.680 0.516 0.438 0.391 0.360 0.336 0.319 0.304 0.293 0.283 0.246 0.202 0.162 0.125
9 0.639 0.478 0.403 0.358 0.329 0.307 0.290 0.277 0.266 0.257 0.223 0.182 0.145 0.111
10 0.602 0.445 0.373 0.331 0.303 0.282 0.267 0.254 0.244 0.235 0.203 0.166 0.131 0.100
12 0.541 0.392 0.326 0.288 0.262 0.244 0.230 0.219 0.210 0.202 0.174 0.140 0.110 0.083
15 0.471 0.335 0.276 0.242 0.220 0.203 0.191 0.182 0.174 0.167 0.143 0.114 0.089 0.067
20 0.389 0.271 0.221 0.192 0.174 0.160 0.150 0.142 0.136 0.130 0.111 0.088 0.068 0.050
24 0.343 0.235 0.191 0.166 0.149 0.137 0.129 0.122 0.116 0.111 0.094 0.074 0.057 0.042
30 0.293 0.198 0.159 0.138 0.124 0.114 0.106 0.100 0.096 0.092 0.077 0.060 0.046 0.033
40 0.237 0.158 0.126 0.108 0.097 0.089 0.083 0.078 0.075 0.071 0.060 0.046 0.035 0.025
60 0.174 0.113 0.090 0.077 0.068 0.062 0.058 0.055 0.052 0.050 0.041 0.032 0.023 0.017
120 0.100 0.063 0.050 0.042 0.037 0.034 0.031 0.029 0.028 0.027 0.022 0.017 0.012 0.008
∞ 0 0 0 0 0 0 0 0 0 0 0 0 0 0

(Continued)
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Probability a = 0.01

2 1.000 0.995 0.979 0.959 0.937 0.917 0.900 0.882 0.867 0.854 0.795 0.707 0.606 0.500
3 0.993 0.942 0.883 0.834 0.793 0.761 0.734 0.711 0.691 0.674 0.606 0.515 0.423 0.333
4 0.968 0.864 0.781 0.721 0.676 0.641 0.613 0.590 0.570 0.554 0.488 0.406 0.325 0.250
5 0.928 0.789 0.696 0.633 0.588 0.553 0.526 0.504 0.485 0.470 0.409 0.335 0.264 0.200
6 0.883 0.722 0.626 0.564 0.520 0.487 0.461 0.440 0.423 0.408 0.353 0.286 0.223 0.167

Probability a = 0.01

7 0.838 0.664 0.569 0.508 0.466 0.435 0.411 0.391 0.375 0.362 0.311 0.249 0.193 0.143
8 0.795 0.615 0.521 0.463 0.423 0.393 0.370 0.352 0.337 0.325 0.278 0.221 0.170 0.125
9 0.754 0.573 0.481 0.425 0.387 0.359 0.338 0.321 0.307 0.295 0.251 0.199 0.152 0.111
10 0.718 0.536 0.447 0.393 0.357 0.331 0.311 0.295 0.281 0.270 0.230 0.181 0.138 0.100
12 0.653 0.475 0.392 0.343 0.310 0.286 0.268 0.254 0.242 0.232 0.196 0.154 0.116 0.083
15 0.575 0.407 0.332 0.288 0.259 0.239 0.223 0.210 0.200 0.192 0.161 0.125 0.093 0.067
20 0.480 0.330 0.265 0.229 0.205 0.188 0.175 0.165 0.157 0.150 0.125 0.960 0.071 0.050
24 0.425 0.287 0.230 0.197 0.176 0.161 0.150 0.141 0.134 0.128 0.106 0.081 0.060 0.042
30 0.363 0.241 0.191 0.164 0.145 0.133 0.123 0.116 0.110 0.105 0.087 0.066 0.048 0.033
40 0.294 0.192 0.151 0.128 0.114 0.103 0.096 0.090 0.085 0.082 0.067 0.050 0.036 0.025
60 0.215 0.137 0.107 0.090 0.080 0.072 0.067 0.063 0.059 0.057 0.046 0.034 0.025 0.017
120 0.123 0.076 0.059 0.049 0.043 0.039 0.036 0.033 0.032 0.030 0.024 0.018 0.013 0.008
∞ 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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APPENDIX 6

DENSITY OF NORMAL 
DISTRIBUTION N(0, 1)

x 0 1 2 3 4 5 6 7 8 9

0.0 0.3989 0.3989 0.3989 0.3988 0.3986 0.3984 0.3982 0.3980 0.3977 0.3973
0.1 0.3970 0.3965 0.3961 0.3956 0.3951 0.3945 0.3939 0.3932 0.3925 0.3918
0.2 0.3910 0.3902 0.3894 0.3885 0.3876 0.3867 0.3857 0.3847 0.3836 0.3825
0.3 0.3814 0.3802 0.3790 0.3778 0.3765 0.3752 0.3739 0.3725 0.3712 0.3697
0.4 0.3683 0.3668 0.3653 0.3637 0.3621 0.3605 0.3589 0.3572 0.3555 0.3538
0.5 0.3521 0.3503 0.3485 0.3467 0.3448 0.3429 0.3410 0.3391 0.3372 0.3352
0.6 0.3332 0.3312 0.3292 0.3271 0.3251 0.3230 0.3209 0.3187 0.3166 0.3144
0.7 0.3123 0.3101 0.3079 0.3056 0.3034 0.3011 0.2989 0.2966 0.2943 0.2920
0.8 0.2897 0.2874 0.2850 0.2827 0.2803 0.2780 0.2756 0.2732 0.2709 0.2685
0.9 0.2661 0.2637 0.2613 0.2589 0.2565 0.2541 0.2516 0.2492 0.2468 0.2444
1.0 0.2420 0.2396 0.2371 0.2347 0.2323 0.2299 0.2275 0.2251 0.2227 0.2203
1.1 0.2179 0.2155 0.2131 0.2107 0.2083 0.2059 0.2036 0.2012 0.1989 0.1965
1.2 0.1942 0.1919 0.1895 0.1872 0.1849 0.1826 0.1804 0.1781 0.1758 0.1736
1.3 0.1714 0.1691 0.1669 0.1647 0.1626 0.1604 0.1582 0.1561 0.1539 0.1518
1.4 0.1497 0.1476 0.1456 0.1435 0.1415 0.1394 0.1374 0.1354 0.1334 0.1315
1.5 0.1295 0.1276 0.1257 0.1238 0.1219 0.1200 0.1182 0.1163 0.1145 0.1127
1.6 0.1109 0.1092 0.1074 0.1057 0.1040 0.1023 0.1006 0.0989 0.0973 0.0957
1.7 0.0940 0.0925 0.0909 0.0893 0.0878 0.0863 0.0848 0.0833 0.0818 0.0804
1.8 0.0790 0.0775 0.0761 0.0748 0.0734 0.0721 0.0707 0.0694 0.0681 0.0669
1.9 0.0656 0.0644 0.0632 0.0620 0.0608 0.0596 0.0584 0.0573 0.0562 0.0551
2.0 0.0540 0.0529 0.0519 0.0508 0.0498 0.0488 0.0478 0.0468 0.0459 0.0449
2.1 0.0440 0.0431 0.0422 0.0413 0.0404 0.0396 0.0387 0.0379 0.0371 0.0363
2.2 0.0355 0.0347 0.0339 0.0332 0.0325 0.0317 0.0310 0.0303 0.0297 0.0290

(Continued)
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x 0 1 2 3 4 5 6 7 8 9

2.3 0.0283 0.0277 0.0270 0.0264 0.0258 0.0252 0.0246 0.0241 0.0235 0.0229
2.4 0.0224 0.0219 0.0213 0.0208 0.0203 0.0198 0.0194 0.0189 0.0184 0.0180
2.5 0.0175 0.0171 0.0167 0.0163 0.0158 0.0154 0.0151 0.0147 0.0143 0.0139
2.6 0.0136 0.0132 0.0129 0.0126 0.0122 0.0119 0.0116 0.0113 0.0110 0.0107
2.7 0.0104 0.0101 0.0099 0.0096 0.0093 0.0091 0.0088 0.0086 0.0084 0.0081
2.8 0.0079 0.0077 0.0075 0.0073 0.0071 0.0069 0.0067 0.0065 0.0063 0.0061
2.9 0.0060 0.0058 0.0056 0.0055 0.0053 0.0051 0.0050 0.0048 0.0047 0.0046
3.0 0.0044 0.0043 0.0042 0.0040 0.0039 0.0038 0.0037 0.0036 0.0035 0.0034
3.1 0.0033 0.0032 0.0031 0.0030 0.0029 0.0028 0.0027 0.0026 0.0025 0.0025
3.2 0.0024 0.0023 0.0022 0.0022 0.0021 0.0020 0.0020 0.0019 0.0018 0.0018
3.3 0.0017 0.0017 0.0016 0.0016 0.0015 0.0015 0.0014 0.0014 0.0013 0.0013
3.4 0.0012 0.0012 0.0012 0.0011 0.0011 0.0010 0.0010 0.0010 0.0009 0.0009
3.5 0.0009 0.0008 0.0008 0.0008 0.0008 0.0007 0.0007 0.0007 0.0007 0.0006

The probabilities of the negative arguments Р(–х) = Р(х).

(Continued)
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APPENDIX 7

PROBABILITY P FOR Sd ≤ Sdo

n = 4 n = 5 n = 6 n = 7 n = 8 n = 9 n = 10

So p So p So pw So p So p So p So p

10 0.542 20 0.525 34 0.500 50 0.420 70 0.352 120 0.509 150 0.405
8 0.458 18 0.475 30 0.401 40 0.278 60 0.250 100 0.339 120 0.224

6 0.375 16 0.392 26 0.320 32 0.177 50 0.163 90 0.260 100 0.132

4 0.208 14 0.342 22 0249 28 0.133 40 0.098 80 0.193 80 0.067

2 0.167 12 0.258 20 0.210 24 0.100 32 0.057 70 0.0135 60 0.027

0 0.042 10 0 225 18 0.178 20 0.069 28 0.042 60 0.089 56 0.022

   8 0.175 16 0.149 18 0.055 24 0.029 50 0.054 52 0.017

   6 0.117 14 0.121 16 0.044 20 0.018 40 0029 48 0.013

   4 0 067 12 0.088 14 0.033 18 0.014 36 0.022 44 0.010

   2 0.042 10 0.068 12 0.024 16 0.011 32 0.016 40 0.007

   0 0.0083  8 0 051 10 0.017 14 0.007 28 0.011 36 0.005

     6 0.029  8 0.012 12 0.005 24 0.006 32 0.003

     4 0.017  6 0.006 10 0.003 20 0.004 28 0.002

     2 0.008  4 0.003 8 0.002 16 0С02 24 0.001

     0 0 001  2 0.001 6 0.001 12 0.001 20 0.001
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RANDOM NUMBERS

3820 1007 5964 8990 8845 9584 0145 4074 8632 1386 2450
0324 1641 2196 0171 2850 3431 5536 3573 3718 3556 9102
4261 3039 9756 8066 9911 2562 9516 0534 7050 8164 9724
3002 7501 3514 7756 0743 1984 0641 3583 4870 5112 3734
0407 2307 0050 9261 1003 2567 7756 6796 8090 7243 0850
7561 6265 1736 4048 5523 7114 5551 1811 9702 6869 5287
8056 2622 1779 8667 1148 0595 7615 7383 9862 9255 9038
5007 6749 4898 1458 0380 7962 6715 7316 5845 1522 8921
2005 2058 3339 3251 3002 8021 6960 2715 9040 0391 7090
5166 2565 2913 8021 7889 6759 7553 9484 6193 7220 9680
8503 5570 8730 4410 2177 8589 2803 7032 7073 3758 3297
9768 2855 5343 4074 9976 8946 8107 9085 5745 7060 4014
8973 3863 0958 7776 7835 6657 6568 2584 7651 7002 8587
6785 9287 0425 5181 9120 9542 5943 5576 9681 4830 2556
4960 8506 6680 9268 4517 1681 0619 0052 5410 6175 4929
6018 9300 5339 1320 0823 5759 8291 0657 2709 6996 4142
4350 3301 2111 7404 5234 8967 6034 5227 5897 5849 4970
5930 5589 7740 2308 7311 5867 5455 8073 9642 0954 1085
8830 1899 0160 1845 5800 6660 1623 1951 6778 5483 2945
1732 1853 8523 9480 2507 4317 5448 9674 7240 9509 5702
2598 1670 8837 8208 0419 8982 4208 1282 0301 2047 6820
4723 4785 5849 3624 8232 3105 9903 7715 7292 1633 8082
2323 3816 0902 9119 8519 5731 0142 6933 7006 8879 1690
2871 2316 0423 9153 1672 9388 1215 3412 0955 9440 5114
8355 9743 4757 1516 2845 8016 8084 6952 0686 0813 4428

(Continued)
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2651 8102 2009 4542 4082 9355 0938 1748 4335 1443 0758
7192 3673 6600 0202 8784 0257 3024 1644 4599 5536 9586
2134 2276 7212 9003 0756 8337 9437 2524 5331 2037 7566
5185 1515 3822 7656 4961 8418 1553 7759 8927 1211 6541
5315 8428 8497 5418 2231 7185 6787 7669 1713 7246 9463
3500 5982 9654 0082 5066 4510 8387 8917 9489 0345 7892
7709 6857 4461 9514 6752 4875 4917 4790 0462 6711 5764
4329 7954 9067 9713 0950 7323 4146 2290 7701 9900 9113
3180 4059 1361 5298 3979 7387 1013 6981 8355 1938 6448
8353 4103 5921 3375 6950 9425 4368 1530 1784 7672 9447

(Continued)
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Textiles are everywhere in the modern world as natural, synthetic, and blended fibers, yarns, and fabrics. They 

might be woven or non-woven. We use them for cloths of all varieties from disposal wipes to bandages to blan-

kets to clothing. We use them in the upholsteries, carpets, and curtains in our homes and in cars and aircraft. 

Textiles are now “smart.” They can be embedded with sensors that monitor our life functions, such as heart rate 

and breathing, and send signals to medical authorities about pending heart attacks. Giving the textiles different 

forms through cutting and sewing as well as combining different textile and non-textile materials, we can produce 

products with a wide range of applications. All of them, nevertheless, are produced by similar manufacturing 

processes. 

All of us as customers are looking for quality products at a level achievable only by the use of both up-front 

materials design and post-manufacturing inspection. This book is written for textile experts, for quality control 

experts, and for researchers and students at all academic levels interested in the control and optimization of tex-

tile processes. The book is organized into two parts. Part I is a review of the concepts and tools of mathematical 

statistics. Part II offers a review of the methods for the experimental design of various textile processes and the 

methods for deriving and optimization of mathematical models. The individual models are illustrated by numeri-

cal examples, which allow for easier comprehension and implementation of the methods in practice. Special 

attention is given to the use of Taguchi methods in setting up experimental design models.Highlights include:

the rotational central composite design, the orthogonal central composite design and the optimal 

design, in Part II. 
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